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Abstract

This paper investigates how cooperative norms emerge and evolve over time. I con-

struct a stochastic dynamic model based on the idea that cooperation between strangers

is sustained by endogenous social norms. The model shows how cooperation and punish-

ment of defectors co-evolve. Recent empirical studies find that (1) cooperation between

strangers is positively correlated with law enforcement across societies, and that (2) co-

operation is higher in large, modern societies with higher degrees of market integration

compared to small-scale societies. The model explains these regularities. Specifically, the

ability to “vote with feet” is critical in generating the high level of cooperation in large,

modern societies.
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1 Introduction

Some time ago BBC had a program called Very British Problem. The program documents

a list of rules that the British are obsessed to follow and expect others to follow. The rules

are a “British problem” because they might seem odd from the perspectives of people from

other countries. An example is the British’s strong expectation for everyone to take queues in

every possible instance (and instances not possible to form a queue, e.g., waiting at the bus

stop alone). Queuing is an example of many social rules governing the cooperation in one-shot

interactions between individuals in Britain: if an individual jumps a queue, it benefits the

individual but harms all the ones behind him; thus, sticking to a queue is a cooperative action

that benefits others at a personal cost. However, that the British always resort to queuing is

not due to any formal regulation imposed by a central authority. Instead, it is because queuing

is a social norm, one that is “shared by other people and partly sustained by their approval

and disapproval... sustained by the feelings of embarrassment, anxiety, guilt and shame that

a person suffers at the prospect of violating them” (Elster, 1989, p. 99-100). In this paper, I

develop a theory of the social evolution of cooperation. The theory is based on the idea that

cooperation in one-shot interactions is sustained by endogenous social norms.

Cross-cultural experimental studies show that the extent to which individuals cooperate

and punish defectors in one-shot interactions varies substantially across societies (Gächter

and Herrmann, 2009; Gächter and Schulz, 2016; Herrmann et al., 2008; Henrich et al., 2006;

Henrich et al., 2010). The variations are not random; they exhibit some systematic patterns:

First, in societies with higher level of cooperation, people punish defectors more (Gächter

and Herrmann, 2009; Henrich et al., 2006; Herrmann et al., 2008). Second, cooperation is

higher in societies with better law enforcement (Gächter and Schulz, 2016; Herrmann et al.,

2008; Tabellini, 2008). Third, individuals are more willing to share wind-fall gains—I classify

as cooperative actions—in societies with higher degree of market integration (measured as

the percentage of food obtained from market transactions), and in societies with larger com-

munities individuals punish those who do not share with a higher likelihood (Henrich et al.,

2010).

I develop a dynamic model of the norm of cooperation that explains the regularities. The
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model shows how cooperation and punishment of defectors co-evolve. It reveals the conditions

under which cooperation emerges and persists in the long run. In particular, the model

explains naturally why there is a positive correlation between cooperation and the quality of

law enforcement. The model also generates new insights to why cooperation is higher in large,

modern societies with higher degree of market integration.

The model builds on what I call norm-based resentment (Sugden, 1984, 2000, 2004;

Bicchieri, 2006; Cooper and Dutcher, 2011; Falk et al., 2006; Herz and Taubinsky, 2017;

Kahneman et al., 1986; Peysakhovich and Rand, 2015).1 The idea is that individuals have

empirical expectations on the behavior of others in a society. If an individual expects that

most others cooperate, but he meets a defector, then the individual is frustrated: the defector

is acting unkindly to him. To release his frustration, the individual may punish the defector.

However, if the individual holds the expectation that defection is commonplace, then defection

is acceptable—that is what everyone else does anyway. In this case, there is no impulse to

punish the defector. Suppose that a population of individuals are randomly matched into

pairs to play a stage game in which they need to decide whether to cooperate or defect,

and whether to punish defectors. Given norm-based resentment, there are two (sequential)

equilibria: the defection equilibrium in which each individual in the population defects

and does not punishes defectors, and the cooperation equilibrium in which each individual

cooperates and punishes defectors.2 I define social norm as a profile of expectations of

individuals consistent with one of the equilibria.

My goal is to analyze how behavior and expectations of individuals evolve over time. The

dynamics are adapted from Young (1993, 2001). Individuals are randomly matched to play the

stage game recurrently and infinitely over discrete time periods. In each period, each individual

forms expectations about others’ behavior based on strategies used in the last period. Given

expectations, each individual plays a best-response with a high probability; best-responses are

constructed on norm-based resentment. With a small probability, individuals make mistakes,

in which case they randomly pick a strategy. I call the dynamics adaptive dynamics with

norm-based resentment. A population state of the dynamics specifies the strategies and
1I use bold font for new definitions and italic for highlights in this paper.
2The model keeps track of expectations (beliefs) explicitly; thus, I apply the solution concept of sequential

equilibrium.
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the expectations of individuals in the population. The defection equilibrium and the coop-

eration equilibrium are two different population states. I examine which population state is

more likely to emerge and persist in the long run. Formally, I characterize the stochastically

stable equilibrium: it is the most likely population state in an infinite span of time when

the probability of making a mistake goes to zero (Ellison, 1993, 2000; Kandori et al., 1993;

Young, 1993, 2001).

The basic result is that, given norm-based resentment, the cooperation equilibrium can

be stochastically stable. Whether and when this is the case depends on two statistics: the

intolerance of defection, defined by the maximum proportion of defectors that is consistent

with punishing defectors, and the temptation to defect, defined by the minimum proportion

of punishers (i.e., those who punish defectors) that is required to induce cooperation. The

intolerance of defection is increasing in the psychological parameter of resentment and the

harm that punishment generates, and decreasing in the cost of conducting punishment. The

temptation to defect is increasing in the individual cost of cooperation, and decreasing in the

suffering from being punished. If the intolerance of defection is greater than the temptation

to defect, then the cooperation equilibrium is the unique stochastically stable equilibrium,

otherwise the defection equilibrium is the unique stochastically stable equilibrium.

The second part of the paper investigates two key differences between large, modern so-

cieties and small-scale societies. In small-scale societies, an individual mostly interacts with

his relatives, which is a fixed, small subset of individuals in the population. In contrast, in

large societies with higher market integration, i) individuals interact with larger groups of

people, and ii) they can choose where to live, i.e., they can vote with feet. First, I compare

global interactions with local interactions: in global interactions, every individual inter-

acts with everyone else in the population; in local interactions, by contrast, each individual

only interacts with a small subset of others in the population.3 I obtain a neutrality result:

whether interactions are local or global does not affect whether the cooperation equilibrium is

stochastically stable. The reason is that whether interactions are local or global affects neither

side of the trade-off between the intolerance of defection and the temptation to defect.
3More precisely, for local interactions, individuals are located on a two-dimensional lattice, and each indi-

vidual only interacts with the four direct neighbors around them.
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However, voting with feet leads to two effects, both suggesting that there are positive

correlations between the norm of cooperation and the size of a society. One is the migration

effect in the intermediate run. Since cooperation leads to higher aggregate efficiency, individ-

uals will move from societies with the defection norm to the societies with the cooperation

norm. Hence, societies with the cooperation norm become larger. The other effect is about the

selection of norms in the long run. In the long run the norms in a society might change. Then

what matters is the relative difficulty of transiting from the defection norm to the cooperation

norm compared to transitions in the opposite direction. Again, voting with feet matters: since

societies with the cooperation norm are larger, it is more difficult—i.e., it requires a larger

number of mistakes—to overthrow a society with the cooperation norm than to overthrow a

society with the defection norm. The key to the argument is the fitting-in effect generated

by norm-based resentment: when migrating to a society, individuals adjust their behavior and

expectations to make them compatible with the prevailing norms in the society.

The result on the positive effect of voting with feet stands in contrast with previous analysis

on the evolution of cooperation (Abramson and Kuperman, 2001; Eshel et al., 1998; Nowak

and May, 1992; Nowak et al., 2010; Ohtsuki et al., 2006; Santos and Pacheco, 2005; Szabó and

Fath, 2007). Previous analysis considers the social evolution of cooperation as an analogue to

biological evolution. It assumes the behavioral rule of imitating the best, i.e., individuals

have a tendency to imitate the behavior of those earning higher material payoffs. Imitating the

best implies that interactions in small neighborhoods and without voting with feet—the small-

scale societies—are the ideal setting for cooperation to emerge. The reason is that, in local

interactions with fixed matching, cooperators can form clusters and separate themselves from

defectors. As a result, cooperators earn higher material payoffs; their behavior are therefore

imitated. However, if voting with feet is possible, then defectors can move to the center of

the clusters of cooperators and exploit the cooperators. Hence, defectors always earn higher

material payoffs. Eventually, if voting with feet is possible, a dynamic of imitating the best

leads to universal defection.4 Hence, a dynamic of imitating the best does not explain why

cooperation and punishment of defectors are higher in large, modern societies. The difference
4Introducing the opportunity to punish defectors would not change the conclusion. The reason is that,

even the cooperation norm is initially established in a society and the initial residents punish defectors, the
new comers would cooperate but they would not punish. Eventually, the new comers “dilute” the norm to an
extent such that everyone would rather defect. Axelrod’s (1986) simulation shows this “drift”.
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between a dynamic of imitating of best and our model is that the fitting-in effect present in

our model is missing in a dynamic of imitating of best.

Finally, I examine the relationship between cooperation and law enforcement. I extend our

model to analyze the co-evolution of cooperative norms and the quality of law enforcement.

The analysis shows that there could only be two population states to be stochastically state:

one in which everyone cooperates and punishes defectors, and there is high quality of law

enforcement, and the other in which everyone defects, no one punishes defectors, and the

quality of law enforcement is low. This result explains the observed correlation between

cooperation and the quality of law enforcement across societies (Gächter and Schulz, 2016;

Herrmann et al., 2008; Tabellini, 2008).

The paper is organized as follows. Section 2 introduces norm-based resentment and de-

fines the stage game that individuals play recurrently in each period. Section 3 presents and

analyzes an adaptive dynamic without mistakes, the “unperturbed” adaptive dynamic. The

results for the unperturbed dynamic form the basis for later analysis. Section 4 presents the

adaptive dynamics where mistakes are possible, the “perturbed” adaptive dynamics, and char-

acterizes the stochastically stable equilibrium. All analyses so far assume global interactions.

Section 5 examines local interactions and the effect of voting with feet. Section 6 considers

the existence of a central monitor who enforces laws.

2 The stage game and norm-based resentment

2.1 The stage game

LetN = {1, 2, . . . , n} be a population of individuals. n is an even number. Think of individuals

in N as generic members of a society who do not know each other in person. The individuals

are randomly matched into pairs to play the following game. Within each matched pair, one

individual moves first and the other moves second; the identify of the first-mover is randomly

determined. They then play the game in Figure 1. The first-mover decides between cooperate

and defect. If the first-mover cooperates, the game ends. If the first-mover defects, the second-

mover can punish the first-mover, or not punish. Figure 1 gives the material payoffs for the

first-mover and the second-mover, respectively.
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Assumption 1. ā > a > a and b̄ > b > b.

1

a, b̄

cooperate

2

a, b

punish

ā, b

not punish

defect

Figure 1: The stage game. The numbers at the terminal nodes represent material payoffs.

Since the identity of the first-mover is randomly determined, a strategy for i ∈ N is a

pair si = (xi, yi) ∈ {1, 0} × {1, 0}: if i cooperates in the role of the first-mover, xi = 1,

otherwise xi = 0; if i punishes in the role of the second-mover, yi = 1, otherwise yi = 0. Let

s = (s1, s2, . . . , sn) be the strategy profile of all individuals, and S = {1, 0}2n denote the set of

all strategy profiles. I call the game stage game. In the next section, I introduce a discrete

dynamic, t = 0, 1, 2, . . ., such that individuals play the stage game recurrently over time.

For now, let us focus on the stage game and clarify the meaning of norm-based resent-

ment in the specific context of the base game. If the second-mover purely seeks to maximize

material payoffs, she does not punish. Anticipating this, and if the first-mover also seeks to

maximize material payoffs, she defects. However, a large body of public goods game exper-

iments show that many participants punish defectors at the expense of their own earnings

(Fehr and Schmidt, 2000). Why punish? And why does the tendency to punish varies across

societies as observed by Herrmann et al. (2008) and Henrich et al. (2010; 2006)? According

to Sugden (2000; 2004) and Bicchieri (2006), individuals punish defectors because defection is

socially unacceptable, i.e., considered as a violation of a social norm. Critically, Sugden (2000;

2004) and Bicchieri (2006) suggest that people consider defection as more unacceptable when

cooperation is common, compared to when many others defect—what I call norm-based resent-

ment. However, Sugden and Bicchieri have not provided an formal account of the punishment

mechanism.5 I provide a formulation and investigate its implications here.
5The models by the two authors that are closest to ours are Sugden (2000) and Bicchieri (2006, Ch. 6).
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The second-mover’s decision. I call those individuals who choose to cooperate as first-

movers cooperators. Consider individual i ∈ N . Let qi ∈ [0, 1] be i’s expectation of the

proportion of cooperators in the society. Suppose that i is matched with j, and i is in the

role of the second-mover. In i’s eyes, j is not different from any others in the society. Hence,

i expects her payoffs to be bounded below by

θ(qi) = qib̄+ (1− qi)b.

The expected payoff, θ(qi), is i’s reference payoffs. Since b̄ > b, θ(qi) is strictly increasing

in qi.

Suppose now that j defects. In this case the payoff for i is bounded above by b. Comparing

the payoff b with θ(qi), i is certainly worse-off if

qi >
b− b
b̄− b

.

The fact that i obtains less than her reference payoffs makes i frustrated. To release her

frustration, i exhibits the preferences to act unkind to unkind—a tendency analogous to Ra-

bin’s (1993) and Dufwenberg and Kirchsteiger’s (2004) models of reciprocity. In particular, I

focus on the negative domain of reciprocity. A justification for this is that, empirically, “hurt-

ing hurts more than helping helps” (Offerman, 2002), i.e., it appears that people reciprocate

others’ hurtful choices much more often than reciprocating others’ helpful choices.6

More precisely, by defecting, j produces θ(qi) − b unkindness to i. In response to j’s

defection, if i punishes j, i is unkind to j; the unkindness is ā−a
2 . If i does not punish j, i

is kind to j; the kindness is ā−a
2 . Let λ > 0 be the resentment parameter; it measures

i’s frustration given j’s unkindness. Conditional on j defecting, and b < θ(qi), if i chooses to

punish, her utility is

b+ λ
[
b− θ(qi)

](a− ā
2

)
; (1)

6On the other hand, it will be clear that no any qualitative result derived in this chapter relies on the
reciprocity-type specification of punishment. All results would hold as long as there is a threshold such that
individuals punish defectors if and only if the proportion of cooperators is higher than the threshold.
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if i instead chooses not to punish, her utility is

b+ λ
[
b− θ(qi)

]( ā− a
2

)
. (2)

Hence, i prefers to punish if i’s reference payoffs are sufficiently high:

θ(qi) > b+

(
1

λ

)
b− b
ā− a

.

The above condition can be expressed by

qi > π(ā, a, b, b̄, b, λ) where π(ā, a, b, b̄, b, λ) =

[
1 +

1

λ(ā− a)

]
b− b
b̄− b

. (3)

π(ā, a, b, b̄, b, λ) is the threshold proportion of cooperators needed to activate punishment to-

wards defectors. Note that qi > π(ā, a, b, b̄, b, λ) implies θ(qi) > b. Hence, qi > π(ā, a, b, b̄, b, λ)

is a sufficient and necessary condition for i to strictly preferring to punish a defector.7 I call

the preferences specified above norm-based resentment.

The threshold π(ā, a, b, b̄, b, λ) for punishment has the following properties. First, it is

increasing in punishment cost (b − b). Second, it is decreasing in the resentment parameter

(λ). It is also decreasing in the effectiveness of punishment (ā − a) and the payoff difference

between meeting a defector and meeting a cooperator (b̄ − b). Note that, if λ is sufficiently

small, or ā − a is small, then we have π(ā, a, b, b̄, b, λ) > 1. In that case, the condition for

i to punish a defector is never satisfied regardless of her expectation qi. The sufficient and

necessary condition for π(ā, a, b, b̄, b, λ) < 1 is

λ >

(
1

ā− a

)
b− b
b̄− b

.

In Rabin’s and Dufwenberg and Kirchsteiger’s original models, the reference point to de-

termine the first-mover’s kindness and unkindess is independent of i’s expectation on the

behavior of other individuals. This is the distinction between their models and ours.
7I can also introduce an individual-specific resentment parameter λi > 0 such that the utility for choosing

to punish is b+λi

[
b−θ(qi)

](
a−ā

2

)
, and the utility for choosing not to punish is b+λi

[
b−θ(qi)

](
ā−a

2

)
. Since

I do not analyze the effects of the heterogeneity in λi across individuals in this paper, I normalize λi = λ to
simplify the exposition.
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The first-mover’s decision. Now, consider the decision of the first-mover. Each individ-

ual chooses her first-mover decision to maximize expected material payoffs. This means that,

if enough individuals punish defectors, individuals prefer to cooperate as first-movers, other-

wise they defect. I call the individuals who choose to punish as second-movers punishers.

Let pi ∈ [0, 1] be i’s expectation of the proportion of punishers in the society. Suppose i is

the first-mover. If i cooperates, she gets material payoffs a. If i defects, her expected material

payoffs are

pia+ (1− pi)ā.

Hence, i prefers to cooperate if

pi > ϕ(a, ā, a) where ϕ(a, ā, a) =
ā− a
ā− a

. (4)

If pi < ϕ(a, ā, a), i prefers to defect. If pi = ϕ(a, ā, a), i is indifferent between the two options.

ϕ(a, ā, a) is increasing in temptation to defect, ā−a, while decreasing in damage suffered from

punishment, ā− a. Given a < a < ā, the range of ϕ is (0, 1).

The thresholds π(ā, a, b, b̄, b, λ) and ϕ(a, ā, a) are important determinants of the long-run

dynamics of the population. To simply notations, I drop the arguments and use π and ϕ to

denote their values in subsequent analyses.

2.2 Equilibria of the stage game

I characterize the set of strict equilibria of the stage game in this subsection. I always have an

equilibrium in which each i ∈ N defects and does not punish defectors and, for some parameter

values, another equilibrium in which each i ∈ N cooperates and punishes defectors.

Let q = (q1, . . . , qn) ∈ [0, 1]n be the individuals’ expectations on the proportion of coop-

erators in the society. Let p = (p1, . . . , pn) ∈ [0, 1]n be the individuals’ expectations on the

proportion of punishers. I call the pair (p, q) expectation profile. A population state is

a tuple (s, q, p) ∈ S × [0, 1]n × [0, 1]n; it consists of the strategy profile s and the expectation

profile (q, p). Let Z = S × [0, 1]n × [0, 1]n be the collection of all population states.

Definition. A (sequential) equilibrium of the stage game is a population state (s, q, p) ∈ Z
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such that the following two conditions hold:

1. the expectation profile (q, p) is consistent with s, namely, for each i ∈ N ,

qi =
1

n− 1

∑
j∈N,j 6=i

xi and pi =
1

n− 1

∑
j∈N,j 6=i

yj ;

2. their strategies are sequentially rational given their expectations, namely, for each

i ∈ N ,

xi =


1 if pi > ϕ

0 if pi < ϕ

, yi =


1 if qi > π

0 if qi < π

. (5)

An equilibrium of the stage game, (s, q, p), is strict if no individual is indifferent between

any two choices at any decision node of the stage game. In our model, a strict equilibrium is

one in which for each i ∈ N , we have pi 6= ϕ and qi 6= π. I focus on strict equilibria because,

as I shall show, they are the only steady states of the society in the long run.

In particular, let sC ∈ S denote the strategy profile in which each i ∈ N cooperates

and punishes defectors, and sD ∈ S denote the strategy profile in which each i ∈ N defects

and does not punish defectors. With abuse of notation, I use (sC , 1, 1) ∈ Z to denote the

population state in which the strategy profile is sC and each i ∈ N holds the expectations

pi = 1 and qi = 1. Likewise, let (sD, 0, 0) ∈ Z denote the population state in which the strategy

profile is sD and each i ∈ N holds the expectations pi = 0 and qi = 0. Generic cases of

the stage game are such that, for the thresholds ϕ and π, we have either ϕ + π ≥ n
n−1

or ϕ + π ≤ n−2
n−1 . The following proposition identifies (sC , 1, 1) and (sD, 0, 0) as two strict

equilibria in the generic cases of the stage game.8

Proposition 1. Consider the generic cases of the stage game.

1. (sD, 0, 0) is a strict equilibrium.

2. If π < 1, then (sC , 1, 1) is also a strict equilibrium.

3. No other strict equilibrium exists.
8Note that limn→∞

n
n−1

= limn→∞
n−2
n−1

= 1. Hence, the generic cases essentially require that ϕ+π is not
exactly equal to 1.
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Proof. All proofs are provided in the appendix.

I define a social norm as an expectation profile (q, p) ∈ [0, 1]n × [0, 1]n in an strict

equilibrium (s, q, p) ∈ Z of the game that takes norm-based resentment into account. Hence,

social norms are self-fulfilling expectations such that, once the expectations are established

among individuals, individuals take strategies consistent with them, which validates their

initial expectations. In our context, there exist two social norms that can be established. One

supports cooperation and motivates people to punish defectors: pi = 1 and qi = 1 for each

i ∈ N . The other is associated with defection, leaving defectors unpunished: pi = 0 and qi = 0

for each i ∈ N . Both are self-fulfilling.

When π ≥ 1, the only strict equilibrium is the defection one. I assume the following

throughout our subsequent analyses, so that multiple strict equilibria exist.

Assumption 2. π(ā, a, b, b̄, b, λ) < 1.

In the next section, I analyze which equilibrium is more likely to emerge and persist in a

society.

3 The unperturbed adaptive dynamics

This section introduces the unperturbed adaptive dynamics to study the evolution of norms.

The dynamics I consider are adapted from Young (1993). The departure from Young (1993) is

that the dynamics I consider explicitly keep track of the expectation profile over time alongside

the strategy profile. Investigating the dynamic enhances our understanding regarding the

determinants of the emergence and persistence of social norms.

3.1 The adaptive dynamic

Let time unfold in discrete units and be indexed by t = 0, 1, 2, . . . . I use superscript to denote

variables in period t. The strategy of i ∈ N in period t is denoted by sti = (xti, y
t
i). The

strategy profile of the population in period t is

st =
(
st1, s

t
2, . . . , s

t
n

)
=
(

(xt1, y
t
1), (xt2, y

t
2), . . . , (xtn, y

t
n)
)
.
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I call zti = (sti, p
t
i, q

t
i) i’s individual state at t, and zt = (st, pt, qt) is the population state

or simply the state at t. Z = S × [0, 1]n × [0, 1]n is the collection of all population states.

Note that the state variable zt not only keeps track of the strategy profile st of the population,

but also explicitly keeps track of the expectation profile (pt, qt). In what follows, I describe

how zt evolves over time. Roughly speaking, in each period t, individuals form expectations

regarding the proportions of cooperators and punishers based on the strategy profile of the

previous period, st−1. Given their expectations, individuals play myopic best-responses to

maximize their utilities at each decision node of the stage game in the current period. The

best-responses are myopic in the sense that individuals do not consider using their current

actions to influence payoffs from future periods. In addition, individuals may draw small and

possibly biased samples from the previous population state when forming their expectations.

I also allow for inertia behavior (discussed in greater detail below). These elements improves

the model’s generality and allow us to obtain more results.

Figure 2: Timeline of the updating procedure.

More precisely, let z0 ∈ Z be the initial population state. Consider t ≥ 1, and let the

population state at t− 1 be (st−1, pt−1, qt−1). Let M be a subset of individuals, i.e., M ⊂ N .

A sample of the strategy profile st−1 = (st−1
1 , st−1

2 , . . . , st−1
n ) is a sub-sequence (st−1

j )j∈M

of it. The size of the sample, denoted by m, is defined by the number of individuals in M .

LetM be the collection of all subsets of N whose size is m, i.e.,M contains all those M ⊂ N

with |M | = m. To form expectations pi and qi in the current period, each i ∈ N draws

a sample (st−1
j )j∈M of size m. The samples are drawn randomly and independently across

individuals. By counting how many cooperators and punishers there are in the sample, each
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i obtains estimates about the proportions of cooperators and punishers in the population:

q̂ti =
1

m

∑
j∈M

xt−1
j , p̂ti =

1

m

∑
j∈M

yt−1
j .

These estimates form the basics of i’s expectations in period t.

Individuals’ behavior may exhibit inertia, i.e., there is a positive probability that some

individuals may behave in the same way as the past. I model inertia behavior by allowing

some individuals to not update their expectations. There are four updating modes:

1. qti = q̂ti and pti = p̂ti;

2. qti = q̂ti and pti = pt−1
i ;

3. qti = qt−1
i and pti = p̂ti;

4. qti = qt−1
i and pti = pt−1

i .

The updating mode for each individual is determined randomly and independently across

individuals and time. Each updating mode occurs with positive probability for each individual

at each period.

More precisely, let σi(pi, qi|st−1, pt−1, qt−1) denote the probability that i has expectations

(pi, qi) conditional on previous state (st−1, pt−1, qt−1). I assume that

σi(pi, qi|st−1, pt−1, qt−1) > 0

if, and only if, the following conditions hold:

1. if pi 6= pt−1
i then there is M ∈M such that pi = 1

m

∑
k∈M yt−1

k ;

2. if qi 6= qt−1
i then there is M ∈M such that qi = 1

m

∑
k∈M xt−1

k .

If the above conditions do not hold, then σi(pi, qi|st−1, pt−1, qt−1) = 0. Note that, if pi = pt−1
i ,

or if qi = qt−1
i , then the above conditions place no restriction on the conditional probability

σi; in this case, we again have σi(pi, qi|st−1, pt−1, qt−1) > 0. Intuitively, in this case i is in
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the mode of not updating at least one side of her expectations, which occurs with positive

probability.9

Now I describe the probability of transiting from one population state to another. Condi-

tional on the previous population state zt−1, let Pi(zti |zt−1) denote the probability that i ∈ N

is in state zti = (sti, p
t
i, q

t
i) in period t. According to our previous definition, the individual state

zti = (sti, p
t
i, q

t
i) is sequentially rational if and only if it satisfies condition (5). Let Pi(zti |zt−1)

assign positive probability only to sequentially rational states. That is,

Pi(z
t
i |zt−1) =


σi(p

t
i, q

t
i |st−1, pt−1, qt−1) if sti is sequentially rational w.r.t. (pti, q

t
i),

0 otherwise.
(6)

For each two population states zt, zt−1 ∈ Z, let P 0(zt, zt−1) denote the probability of transit-

ing from state zt−1 to state zt. We have

P 0(zt, zt−1) =
∏
i∈N

Pi(z
t
i |zt−1).

P 0 defines a Markov chain on finite state space Z. Following Young (1993), I call P 0 unper-

turbed adaptive dynamic with sample size m. “Unperturbed” refers to the assumption

that individuals always play sequentially rational strategies given their expectations. Never-

theless, the path {zt}∞t=0 is not deterministic due to the uncertainty involved in the process

of forming expectations.

3.2 Emergence of a social norm

I now examine whether the unperturbed adaptive dynamic necessarily converges to one of

the equilibria described by Proposition 1. In other words, will a social norm—cooperation or

defection—necessarily become established in the society? The answer is yes.

The theorem below establishes that the adaptive dynamic P 0 converges almost surely

either to a population state in which every i ∈ N cooperates and punishes defectors and

this is commonly expected, or, to a state in which every i ∈ N defects and no one punishes
9It is not necessary for σi(.|.) to be the same across individuals. The analysis only requires them to be

stationary (invariant) across time.
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defectors. The convergence occurs no matter how disordered the initial population state

might be and regardless of the sample size m. Note that when m is small relative to n,

different individuals may draw completely different samples from the past and form different

expectations, leading to different strategies. Hence, it is not obvious how a social norm can

always become established spontaneously.

As before, I use (sC , 1, 1) ∈ Z to denote the population state in which each i ∈ N cooperates

and punishes defectors and each i ∈ N holds the expectations pi = 1 and qi = 1. And

(sD, 0, 0) ∈ Z is the opposite population state in which each i ∈ N defects and does not

punishes defectors and each i ∈ N expects pi = 0 and qi = 0. Let {zt}∞t=0 ⊂ Z be a sequence

of random variables such that: i) z0 ∈ Z, and ii) each zt with t ≥ 1 is generated according

to the probability system P 0, i.e., for each t ≥ 1 and zt, zt−1 ∈ Z, we have Prob{zt|zt−1} =

P 0(zt, zt−1). Let L ⊂ Z be a subset of population states. We say that P 0 converges almost

surely to L if, for each z0 ∈ Z, the event

(
lim
t→∞

zt
)
∈ L

has probability one.

Theorem 1. For every sample size m with 1 ≤ m ≤ n, P 0 converges almost surely to

{(sC , 1, 1), (sD, 0, 0)}.

The proof of the theorem builds on a general observation regarding Markov chains on finite

state spaces. For a Markov chain, a population state z ∈ Z is an absorbing state of the

dynamic if, once reaching z, it stays at the state for all future periods with probability one.

First, observe that the absorbing states of the adaptive dynamic P 0 are exactly the strict

equilibria of the stage game: (sC , 1, 1) and (sD, 0, 0). The reason for this is that, starting

from any state not a strict equilibrium of the stage game, some individual i would change her

strategy with positive probability in the next period. Next, observe that, since the state space

Z is finite, there is a positive probability δ > 0 that the dynamic P 0 transits from any initial

state to (sC , 1, 1) or (sD, 0, 0) within a finite number of periods. Let that finite number of

periods be T . It follows that the probability of not transiting to {(sC , 1, 1), (sD, 0, 0)} within

kT periods is at most (1− δ)kT , which shrinks to zero as k gets large.
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The theorem says that the adaptive dynamic converges almost surely to a strict equilibrium

of the stage game. However, there are two distinct strict equilibrium—one in which everyone

cooperates and the other in which everyone defects. I investigate the determinants of which

equilibrium the dynamic converges to in the next subsection.

3.3 Selection of norms in the intermediate run

I identify the factors that affect which equilibrium the unperturbed dynamic P 0 converges to

in this subsection. We discuss two factors. First, where the dynamic starts from, the initial

population state, matters. Intuitively, if the dynamic starts from a state “close” enough to one

of the two strict equilibria, the dynamic will converge to that equilibrium almost surely. This

leads to the notion of basin of attraction. Second, when forming expectations, what samples

individuals draw from the past matter. I discuss some of the implications.

For a population state z ∈ Z, let B(z) ⊂ Z denote the basin of attraction of z under

the unperturbed dynamic P 0, which is defined as follows. B(z) is a subset of population

states such that, if the dynamic P 0 starts from a population state in B(z), it converges almost

surely to z. The (relative) sizes of the basins of attraction of the two equilibria—(sC , 1, 1) and

(sD, 0, 0)—are critical in determining which equilibrium the dynamic tends to converge to. To

simply notations, I use zC = (sC , 1, 1) and zD = (sD, 0, 0) to denote the two equilibria of the

stage game. Let 1{.} be the indicator function, which takes the value of 1 if the statement

within the parenthesis holds, and zero otherwise. For example, 1{pi ≥ ϕ} = 1 if and only if i

holds the expectation pi ≥ ϕ. Then

∑
i∈N

1{pi ≥ ϕ}

counts the number of individuals in the population who expect the proportion of individuals,

pi, to be at least ϕ.

Proposition 2 below characterizes the basins of attraction of the defection equilibrium

zD and the cooperation equilibrium zC , respectively. Notice that we have requirements on

individuals’ actions, xi and yi, as well as their expectations, pi and qi. The basin of attraction

of the defection equilibrium zD contains those states in which a) the number of individuals who
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cooperate or punish defectors is small, and b) the number of individuals having the expectations

pi ≥ ϕ or qi ≥ π is small. In contrast, the basin of attraction of the cooperation equilibrium

zC contains those states in which a) the number of individuals who cooperate and punish

defectors is large, and b) the number of individuals having the expectations pi > ϕ(a, ā, a)

and qi > π is large.

Proposition 2. Consider the unperturbed adaptive dynamic P 0 with sample size m.

1. We have (s, p, q) ∈ B(zD) if and only if the strategy profile s = (x, y) and the expectation

profile (p, q) are such that

∑
i∈N

xi < πm,
∑
i∈N

yi < ϕm, (7)

and ∑
i∈N

1{pi ≥ ϕ} < πm,
∑
i∈N

1{qi ≥ π} < ϕm.

2. We have (s, p, q) ∈ B(zC) if and only if the strategy profile s = (x, y) and the expectation

profile (p, q) are such that

∑
i∈N

xi > n− (1− π)m,
∑
i∈N

yi > n− (1− ϕ)m, (8)

and ∑
i∈N

1{pi > ϕ} > n− (1− π)m,
∑
i∈N

1{qi > π} > n− (1− ϕ)m.

Figure 3 illustrates the conditions on the strategy profile (x, y) of the basins of attraction

of the two equilibria. The x-axis represents the number of cooperators in the population,

and the y-axis represents the number of punishers. When the population is in the defection

equilibrium zD, we have
∑
xi =

∑
yi = 0. In contrast, in the cooperation equilibrium zC , we

have
∑
xi =

∑
yi = n. The gray areas show the basins of attraction of the two equilibrium

in terms of strategies. We have the following comparative statics. First, the area of the basin

of attraction of the defection equilibrium, B(zD), is increasing in π and ϕ. By contrast, the

area of the basin of attraction of the cooperation equilibrium, B(zC), is decreasing in π and
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Figure 3: The bottom-left corner is the defection equilibrium zD and the upper-right corner
is the cooperation equilibrium zC . The gray areas display the basins of attraction of the two
equilibria under unperturbed adaptive dynamic P 0 with sample size m.

ϕ. Hence, lower values of π and ϕ favor the emergence of the cooperation equilibrium.

Second, the smaller the sample size m when forming expectations, the smaller the areas

of both B(zD) and B(zC). In fact, if the sample size m is much smaller than the population

size n, then the basins of attraction of the two equilibria only consist of a small number of

population states among all population states. The reason for this is that, if sample size is

small, there is positive probability that the individuals draw samples that are not represen-

tative of the proportion of cooperators and punishers in the whole population. That is, they

may exhibit small sample bias. In that case, the equilibrium that the adaptive dynamic

converges to depends on the exact samples that the individuals draw along the way. The

small sample bias may explain why governments around the world often invest considerable

efforts in advertising altruistic behavior of national heroes and other role models. By exploit-

ing the small sample bias, they manipulate people’s expectations on the population state and

thereby affect social norms. The small sample bias also has other implications. For instance,

government officials are often seen as more “visible” individuals in the society, either because

their behaviors are revealed more often to the public than an average citizen, or people choose

to pay more attention to these government officials. It follows that, if government officials

engage in corruption activities, it not only affects the functioning of formal institutions of the

country, but also reduce individuals’ willingness to punish defectors by negatively affecting
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their perceptions on the population state. This latter effect on informal institutions further in-

creases the incentives to corrupt. While causality is not clear, evidence from the cross-cultural

experiments on dishonesty is consistent with our observeation. For example, using data from

a lying game experiment, Gächter and Schulz (2016) show that, in countries where miscon-

ducts of government officials such as corruption and fraudulent politics are more pervasive,

participants exhibit higher dishonesty.

4 The perturbed adaptive dynamics and stochastic stabil-

ity

In this section, I investigate a perturbed version of the adaptive dynamic. In a perturbed

dynamic, individuals may make mistakes and deviate from rational strategies. The motivations

of investigating a perturbed dynamic are the following. First, it is not realistic to assume

that individuals always play rationally in the long run. Some individuals may “tremble”, or

deliberately experiment new strategies. As previously shown by Young (1993; 2001), Kandori

et al. (1993), and Ellison (1993; 2000), these mistakes play a key role in determining which

equilibrium is more likely in the long run. Second, without knowing the initial population

state and the exact samples that the individuals draw along the way, it is difficult to predict

which equilibrium the unperturbed dynamic converges to. However, if mistakes are possible,

the influence of the initial population state eventually dies out. The theory then generates

sharper results regarding the long-run trend of the system.

4.1 The perturbed dynamics

We introduce the perturbed dynamic in this subsection. How individuals form expectations

is the same as in the unperturbed dynamic. However, under the perturbed dynamic, each

individual makes a mistake with probability ε > 0 such that each of the four pure strategies

in the stage game (cooperate or not as a first-mover and punish or not as a second-mover) is

taken with positive probability.

To simplify exposition, assume that, conditional on the event of i making a mistake, i

20



takes each of the four strategies with probability 1
4 .

10 Let J ⊂ N be a subset of individuals,

and let |J | denote the number of individuals in J . Making a mistake or not is a random event

independent across individuals and time. Hence, within a certain period t, the probability

that the individuals in J make mistakes while others play rationally is ε|J|(1 − ε)n−|J|. Let

Q(zt, zt−1, J) be the probability of transiting from state zt−1 ∈ Z to a certain state zt ∈ Z in

the next period, conditional on that exactly the individuals in J make mistakes. We have

Q(zt, zt−1, J) =

[(
1

4

)|J|∏
i∈J

σi(p
t
i, q

t
i |st−1, pt−1, qt−1)

][∏
i/∈J

Pi(z
t
i |zt−1)

]
.

The conditional probabilities σi(., .|., ., .) and Pi(.|.) are the ones defined in Section 3.1. Within

the first square bracket of the above expression is the probability that individuals in J have

the expectations and strategies that zt specifies. Notice that individuals only make mistakes

in the sense that their strategies are not rational with respect to their expectations. However,

they do not invent new expectations without a foundation. The function σi(., .|., ., .) requires

every individual to either update expectations based on the strategy profiles st−1, or have the

same expectations as the ones in the previous period (depending on the updating mode).

Let P ε(zt, zt−1) denote the probability of transiting from zt−1 in period t − 1 to zt in

period t. Summing over different subsets of individuals who make mistakes, we obtain:

P ε(zt, zt−1) = (1− ε)nP 0(zt, zt−1) +
∑

J⊂N,J 6=∅

(ε)
|J|

(1− ε)n−|J|Q(zt, zt−1, J).

P 0(zt, zt−1) is transition probability under the unperturbed adaptive dynamic. We call P ε

with ε > 0 the perturbed dynamic. P ε is also a finite Markov process with Z as state

space.

Observe from the expression of P ε(zt, zt−1) that, as the probability of making a mistake ε

goes to zero, the second term on the right-hand side goes to zero. Hence, P ε converges to P 0

as ε goes to zero. However, there is a qualitative difference between the unperturbed dynamic

P 0 and the perturbed one P ε with ε > 0. That is, under the unperturbed dynamic, once the
10This assumption is not necessary. We can even allow for each individual i to draw strategies based on

different distributions. All our subsequent theorems hold. The only requirement is that the distributions to
randomly choose strategies are invariant across time.
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society falls into a strict equilibrium of the stage game, it locks in that state. In contrast,

under the perturbed dynamic, there is always a positive probability of the society transiting

from any state to any another one within finite periods.11 Hence, even if a norm—i.e., a strict

equilibrium of the stage game—is established in the society, there is a positive probability of

escaping from it and tipping to another population state.

We shall characterize the most frequently visited population state by the dynamic P ε in the

long run. When the probability of making a mistake ε is small, the most frequent population

state is called stochastically stable equilibrium (Young, 1993). Formally, let µε : Z → [0, 1]

denote the stationary distribution of P ε with ε > 0.12 A unique stationary distribution exists

for all finite irreducible Markov processes. Hence µε is well-defined.

Definition. The population state z ∈ Z is a stochastically stable equilibrium (SSE) if

lim
ε→0

µε(z) = 0.

4.2 Selection of norms in the long run

I characterize SSE in this subsection. Building on Young (1993), I show that, for small ε, which

equilibrium—zC or zD—is the most frequent state visited by P ε in the long run is determined

by the numbers of mistakes required to leave B(zC) and B(zD), the basins of attraction of

P 0. The reason is that, once reaching zC or zD, the only way that the population transits

to another equilibrium is to have individuals making enough number of mistakes to escape

from the basin of attraction of the established equilibrium. When ε is small, mistakes are rare

events. Hence, once reaching zC or zD, the population will stay within the basin of attraction

of the established equilibrium for a very long span of time. The number of mistakes required

to escape from B(zC) compared with the number of mistakes required to escape B(zD) then

determines which equilibrium is the most frequent one in an infinite span of time.

Now, let R(zC) denote the minimum number of mistakes required to escape from B(zC),
11That is, with ε > 0, P ε is a finite, irreducible Markov process.
12P ε is actually a transition probability matrix with dimension |Z| × |Z|. Its element P ε(z

′
, z) specifies the

probability of transiting from state z to state z′, with z, z′ ∈ Z. Let [P ε]T denote the T th power of the matrix
P ε. Let v ∈ R|Z|+ be |Z|-dimentional probability distribution vector such that its elements sum to 1. Then the
stationary distribution of P ε can be defined by µε ≡ limT→∞[P ε]T v.
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given that the dynamic P ε starts from zC . Analogously, let R(zD) be the minimum number

of mistakes required to escape from B(zD), given that the dynamic P ε starts from zD. For

a real number v, dve denotes the smallest integer equal to or greater than v. We have the

following lemma about R(zC) and R(zD).

Lemma 1. Consider the unperturbed adaptive dynamic P 0 with sample size m.

1. R(zD) = dmmin{π, ϕ}e.

2. R(zC) = dmmin{1− π, 1− ϕ}e.

If R(zC) > R(zD), then it is more difficult to leave B(zC) than to leave B(zD), and thus

zC is the unique SSE. Conversely, if R(zC) < R(zD), then zD is the unique SSE. This leads

to the following theorem, which characterizes SSE for all generic cases.

Theorem 2. Consider the adaptive dynamic P ε with sample size m. Consider the generic

cases with dϕme 6= d(1− π)me and dπme 6= d(1− ϕ)me.

1. If 1− π < ϕ, then zD is the unique SSE.

2. If 1− π > ϕ, then zC is the unique SSE.

Remark. If dϕme = d(1− π)me and dπme = d(1−ϕ)me, then both zD and zC are SSEs, and

no other SSE exists.

The theorem says that, if the sum of the two thresholds, π+ϕ, is greater than 1, then the

unique stochastically stable equilibrium is the defection equilibrium zD. In this equilibrium,

each i ∈ N defects and does not punish defectors. Moreover, each i ∈ N holds the expectations

qi = 0 and pi = 0, i.e., everyone expects everyone else to defect and not punish defectors. By

contrast, if the sum of π = π and ϕ = ϕ is less than 1, then the unique stochastically stable

equilibrium is the cooperation equilibrium zC . In this equilibrium, everyone cooperates and

punishes defectors, as well as expecting all others to cooperate and punish defectors. This

comparative static result is not surprising. Recall that π is the threshold such that, if i expects

the proportion of cooperators in greater than π, i punishes defectors. ϕ is the threshold such

that, if i expects the proportion of punishers in greater than pi, i cooperates. The formulas

for the two thresholds are given by equations (3) and (4). It is both intuitive and following
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from our previous characterization of basins of attraction (Proposition 2) that lower values of

the two thresholds favor the emergence and persistence of the cooperation equilibrium.

Nevertheless, the above theorem makes a new observation: the technologies that shape π

and the technologies that shape ϕ are perfect substitutes. It does not require that the values

of π and ϕ are both low enough; it is sufficient to have the sum of them being low enough.

Expressing the condition in terms of underlying parameters, we obtain

[
1 +

1

λ(ā− a)

]
b− b
b̄− b

+
ā− a
ā− a

< 1.

This leads to the following comparative statics. The social norm of cooperation tends to

emerge and persist in the long run if the resentment parameter λ is large, the loss of meeting

a defector b̄ − b is large, punishment cost b − b is small, the damage of punishment ā − a is

large, or, the temptation to defect ā− a is small.

The observation that the cooperation equilibrium can ever be stochastically stable is not

trivial. Consider instead the popular cultural evolution model based on simple conformity

(Boyd and Richerson, 1988; Henrich and Boyd, 1998, 2001). Simple conformity means that

individuals have a tendency to adopt the strategy that is most frequently used in the popula-

tion. If material incentives favor a different strategy from the most frequently used strategy,

then individuals face trade-offs between material incentives and conformity (Henrich and Boyd,

2001). This model is often seen as a legitimate reduced-form model of social norms transmis-

sion: it abstracts away specific psychology and emotions that are considered important in

sustaining social norms. Instead, it models individuals as machines programmed to put de-

cision weights on popular cultural traits. However, simple conformity implies that the the

defection equilibrium is always the unique SSE, regardless of the strength of conformity. The

reason is that conformity loses its power when half of population cooperate while the other half

defect. In this case, material incentives dictate choices of individuals in favor of defection and

no punishment. As a result, the defection equilibrium always has a larger basin of attraction

than the cooperation equilibrium.13

13More precisely, the defection equilibrium is always the unique 1
2
−dominant equilibrium (Ellison (2000)):

suppose that half of the population defect and do not punish defectors; then the best-response of everyone is
to defect and leave the defectors unpunished. By Ellison (2000), a 1

2
−dominant equilibrium is a SSE.
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Hence, the conformity model leads to a qualitatively different conclusion from the one

reached by our model that takes explicitly the psychology of norm-based resentment into

account. The difference suggests that, if a researcher does believe that “Social norms have a

grip on the mind that is due to the strong emotions they can trigger” (Elster, 1989, p. 99-100),

then he should model these emotions explicitly rather than replying on the conformity model,

for they generally make different predictions. In The Grammar of Society, Bicchieri (2006)

argues that an essential component of social norms is individuals’ normative expectations,

possibly with sanctions, such that they expect other people to expect them to conform to

certain behavior. In other words, to show the existence of a social norm, it is not sufficient

to observe that individuals have the preferences to conform to what others do. We must

also show that individuals expect others to expect them to behave in a certain way. If they

fail to fulfill such expectations of others, they are sanctioned, or suffer from negative social

emotions such as shame and guilt as Elster (1989) emphasizes. According to Wrong (1961),

the idea that sanctions and social emotions are essential in sustaining social orders at least

dates back to Durkheim. However, these authors emphasize the importance of sanctions and

social emotions as a fact. They have not yet shown why sanctions and social emotions are

important. Bicchieri shows that the presence of sanctions and social emotions transform a

prisoner’s dilemma game into a coordination game and, thereby, make cooperation among

unrelated individuals possible. However, simple conformity would do the job. Why guilt,

shame, and sanctions? Here I show that sanctions and social emotions matter because they

lead to qualitatively different long-run dynamics from that of simple conformity.

5 Local interactions and voting with feet

This section examines i) local interactions, i.e., each individual only interacts with a small

subset of others in the population, and ii) the effects of voting with feet. By conducting a

series of experiments in 15 diverse societies around the world, Henrich et al. (2010) show that

individuals exhibit stronger tendency for cooperation and are more willing to punish selfish

behaviors in large societies with higher degree of market integration. This section aims at

providing a stylized analysis to Henrich et al. (2010)’s findings by examining the long-run
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evolution of societies. I show that the ability to vote with feet is critical in understanding the

relationships between cooperation and community size. An interesting observation is that it

may not be the case that the larger size of a society leads to a higher level of cooperation.

Instead, that a society is larger may be due to the emergence of cooperative norms in the

society.

5.1 Local interactions

i j

Figure 4: Local interactions

Figure 5: The updating procedure under local interactions.

For tractability, I follow Ellison (2000) and consider the following local interaction structure.

Let individuals in N locate at the vertexes of a two-dimentional lattice on the surface of a torus

(see Figure 4). Let n1 and n2 be two integers no less than three. Let Ñ = {1, 2, . . . , n1} ×

{1, 2, . . . , n2} be a discrete coordinate system to indicate the vertexes of the lattice. Each

coordinate pair i = (l, k) ∈ Ñ represents an individual in the population. Two individuals

i, j ∈ Ñ are neighbors if the distance between them is exactly one:

1. |i− j| = 1, or

2. i = (k, `) and j = (k′, `′) are such that k = 1, k′ = n1 and ` = `′, or

3. i = (k, `) and j = (k′, `′) are such that ` = 1, `′ = n2 and k = k′.
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Figure 6: Global interactions (on the left) versus local interactions (on the right).

Hence, each individual has exactly four neighbors. Every individual in Ñ only observes and

react to the strategies of his four neighbors. Let Ni ⊂ Ñ denote the set of i’s four neighbors.

The adaptive dynamics P 0 and P ε in local interactions are such that, when forming

estimates about the proportions of cooperators and punishers at the current period, each

i ∈ Ñ pays attention precisely to her neighbors. That is, for each t ≥ 1 and i ∈ Ñ , we have

q̂ti =
1

4

∑
j∈Ni

xt−1
j , p̂ti =

1

4

∑
j∈Ni

yt−1
j .

Now, I characterize SSE under local interactions. As shown by the graph on the right of

Figure 6, when π + ϕ is sufficiently small, the unique SSE is the cooperation equilibrium zC

in which each i ∈ Ñ cooperates and punishes defects and expect everyone else to do so. By

contrast, when π + ϕ is sufficiently large, the unique SSE is the defection equilibrium zD in

which each i ∈ Ñ defects and does not punish defectors and expect everyone else to defect and

not punish defectors. The white squares on the line π + ϕ = 1 in the graph are non-generic

cases. The non-generic cases occupy a non-negligible area; this is due to the integer issue

arising from that q̂ti and p̂ti can only take values from {0, 1
4 ,

2
4 ,

3
4 , 1}.

Theorem 3. Consider the adaptive dynamics in local interactions. Consider the cases with
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d4ϕe 6= d4(1− π)e and d4πe 6= d4(1− ϕ)e.

1. If 1− π < ϕ, then zD is the unique SSE.

2. If 1− π > ϕ, then zC is the unique SSE.

Remark. The white spare areas (excluding broundaries) in the right-graph of Figure 6 are the

cases with d4ϕe = d4(1− π)e and d4πe = d4(1− ϕ)e. If the combination of π and ϕ falls into

these areas, then either i) both sC and sD are SSEs, or ii) neither of them is a SSE.

In previous sections, I investigate the dynamics in which, at each period, each individual

has a positive chance of drawing any another individual’s strategy into her sample to form

estimates q̂ti and p̂ti. To compare with local interactions, I call the dynamics examined in

previous sections adaptive dynamics in global interactions. Figure 6 illustrates the SSE

under global interactions with the graph on the left, alongside the case of local interactions on

the right. The comparison reveals that whether the dynamic with norm-based resentment se-

lects the cooperation equilibrium zC or the defection equilibrium zD is independent of whether

interactions are local or global.

In what follows, I argue that the dynamics under norm-based resentment helps explain

recent cross-cultural studies (Henrich et al., 2010) and network experiments (Cassar, 2007;

Gracia-Lázaro et al., 2012; Grujić et al., 2010; Kirchkamp and Nagel, 2007; Rand et al.,

2011; Suri and Watts, 2011; Traulsen et al., 2010) that are difficult to explain by previous

evolutionary models of cooperation (Abramson and Kuperman, 2001; Eshel et al., 1998; Nowak

and May, 1992; Nowak et al., 2010; Ohtsuki et al., 2006; Santos and Pacheco, 2005; Szabó and

Fath, 2007). Henrich et al. (2010) show that egalitarian behavior, corresponding to choosing

cooperation in our model, is positively correlated with the degree of market integration of a

society (measured as the percentage of food obtained from market transactions). Moreover,

punishment of defectors covaries positively with community size across societies. Henrich et al.

(2010)’s study includes 15 diverse societies around the world, covering small-scale societies as

well as large, modern ones. When comparing small-scale societies with large, modern ones,

two things change. First, in small-scale societies, interactions are restricted to relatives and

small neighborhoods, corresponding to the local interactions structure I examine. In contrast,

anonymous, long distant interactions feature many market transactions in large societies,
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corresponding to the global interactions structure I examine. Second, in small-scale societies,

people interact mostly with their relatives: neighborhoods are fixed there. In contrast, in large

modern societies people choose where to live and who to be their friends: neighborhoods are

formed endogenously.

Previous evolutionary theories of cooperation often assume the behavioral rule of imitating

the best, i.e., people imitate the behavior of those earning higher material payoffs. However,

imitating the best implies that cooperation should thrive and only thrive when interactions

are local and fixed (Abramson and Kuperman, 2001; Eshel et al., 1998; Nowak and May,

1992; Nowak et al., 2010; Ohtsuki et al., 2006; Santos and Pacheco, 2005; Szabó and Fath,

2007). The reason is that local interactions allow cooperative behavioral types to form clusters

and earn higher material payoffs. Their behavior are then imitated by others, leading to high

level of cooperation. However, in global interactions, defectors can always exploit cooperators.

Also, for one-shot anonymous interactions, it is difficult to identify who are the punishers and

who are not. Hence, it is difficult, if not impossible, to justify punishment of defectors under

global interactions in term of material payoffs.

In contrast, the dynamics under norm-based resentment provide a better explanation to

Henrich et al. (2010)’s findings. First, our theorems show that, if individuals are motivated

by norm-based resentment, then whether interactions are local or global does not affect the

selection of cooperation or defection. Recent controlled experiments confirm this prediction

(Cassar, 2007; Gracia-Lázaro et al., 2012; Grujić et al., 2010; Kirchkamp and Nagel, 2007;

Rand et al., 2011; Suri and Watts, 2011; Traulsen et al., 2010). For example, in Grujić et al.

(2010)’s experiment, participants are located on the same lattice structure as the one I ex-

amine. In one treatment, participants play a prisoner’s dilemma game with neighbors in the

lattice. In another, neighbors are randomly reallocated for each round. The experiment shows

that the cooperation level is not distinguishable between the two treatments, suggesting that

the lattice structure does not influence cooperation. Rand et al. (2011) consider more arbi-

trary networks and examine three treatment conditions: random-link condition (the network

is randomly regenerated for each round), fixed-link condition (the network is fixed during

the experiment), and endogenous-link condition (participants can rewire links). They find

that cooperation decays over time in both the random-link condition and in the fixed-link
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condition, and average cooperation level is not statistically different between the two con-

ditions. However, if participants can frequently rewire links, then cooperation persists at a

high level. The pattern is clear: whether interactions are local or global does not matter, but

whether neighborhoods are fixed or formed endogenously matters—the ability to vote with

feet matters.

5.2 Voting with feet

I now extend the model to explore why voting with feet matters. Let the total population

N consist of 2n individuals. Index time periods by t = 0, 1, 2, . . .. For simplicity, consider

two societies, 1 and 2, that individuals can choose to live in.14 Let pti` denote individual i’s

expectation of the proportion of punishers in society ` = 1, 2 in period t. Likewise, let qti`

denote individual i’s expectation of the proportion of cooperators in society ` = 1, 2 in period

t. Let xti ∈ {0, 1} denote whether i cooperates and yti ∈ {0, 1} denote whether i punishes

defectors in period t.

At the beginning of each period, some individuals are randomly selected to have the op-

portunity to choose which society to live for the current period. The timeline of events within

each period t is as follows:

1. 2m individuals are randomly selected to have the opportunity to choose which society to

live in for the current period, with m < n. The rest 2(n−m) individuals are randomly

and equally divided into the two societies. Hence, at each period, each society has at

least n − m individuals (assume n − m is an even integer). The ratio m
n reflects the

degree of freedom of foot voting. Let N t
` ⊂ N be the set of individuals in society ` in

period t.

2. Based on each individual i’s expectations on the proportion of cooperators and punishers

in her society, pti` and qti`, i chooses actions xi and yi according to behavioral rule (5)

supported by norm-based resentment.

3. For each i ∈ N and ` = 1, 2, each of the following expectation-updating events occurs

with positive probability: 1) qt+1
i` = qti` and pt+1

i` = pti`, 2) qt+1
i` = qti` and pt+1

i` =

14The argument extends to the case of more societies without extra efforts.
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1
N`

∑
j∈N`

ytj , 3) q
t+1
i` = 1

N`

∑
j∈N`

xtj and pt+1
i` = pti`, and 4) qt+1

i` = 1
N`

∑
j∈N`

xtj and

pt+1
i` = 1

N`

∑
j∈N`

ytj .

How each individual chooses where to live is determined as follows. At the beginning of

each period, each i calculates her expected material payoffs for each society based on the

expectations pti` and q
t
i` about the society and the actions that she anticipates to take. Upon

having the opportunity to move, each i chooses to live in the society with higher expected

material payoffs. If i has the same expected material payoffs for both societies, she randomly

chooses a society, with each society chosen with positive probability. All random events are

independent across individuals and time.

We call the dynamic specified above unperturbed adaptive dynamic P 0 with foot

voting of degree m. We define the associated perturbed adaptive dynamic P ε with

foot voting of degree m as follows: at each period, with probability ε > 0, an individual

takes cooperation and punishment actions that are not consistent with their expectations.

The state variable of the dynamics with foot voting is

z =
(

(xi), (yi), (pi`), (qi`), (N`)
)
.

Let Z denote the collection of all states with |N`| ≥ n−m, ` = 1, 2. Let Zd ⊂ Z denote the

subset of states such that, for each i ∈ N , we have xi = yi = 0 and pi` = qi` = 0. Let Zc ⊂ Z

denote the subset of states such that, for each i ∈ N , we have xi = yi = 1 and pi` = qi` = 1.

Moreover, let Z̃c1 ⊂ Z denote the subset of states such that: society 1 is larger, consisting

of n+m individuals, whereas society 2 is smaller, consisting of n−m individuals; in society 1,

each i has xi = yi = 1 and pi` = qi` = 1; in society 2, each i has xi = yi = 0 and pi` = qi` = 0.

Let Z̃c2 ⊂ Z denote the subset of states with the same pattern but society 2 is larger: society

1 has n − m individuals, whereas society 2 has n + m individuals; in society 1, each i has

xi = yi = 0 and pi` = qi` = 0; in society 2, each i has xi = yi = 1 and pi` = qi` = 1. In

other words, for a state in Z̃c1 or in Z̃c2, one society is larger than the other. The cooperation

norm prevails in the larger society, while the defection norm prevails in the smaller one. The

greater the degree of foot voting m, the greater the size of the society where the cooperation

norm prevails.
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I assume that the outcome of cooperation generates higher aggregate efficiency than the

outcome of defection and no punishment:

Assumption 3. a+ b̄ > ā+ b.

The above assumption is used and only used in proving the following theorem.

Theorem 4. Consider the adaptive dynamics with foot voting of degree m. Consider the

generic cases with dϕ(n−m)e 6= d(1− π)(n−m)e and dπ(n−m)e 6= d(1− ϕ)(n−m)e.

1. If 1− π > ϕ, then SSEs are states in Zc.

2. If 1− π < ϕ < 1− π + m
n (1− |π − ϕ|), then SSEs are states in Z̃c1 ∪ Z̃c2.

3. If ϕ > 1− π + m
n (1− |π − ϕ|), then SSEs are states in Zd.

The above theorem shows that foot voting has two effects: the migration effect in the

intermediate run, leading to larger cooperation societies in states in Z̃c1 ∪ Z̃c2; and the norm

selection effect in the long run, increasing the chance of states in Z̃c1∪Z̃c2 being stochastically

stable. First, consider the migration effect in the intermediate run. Suppose that we have the

cooperation norm in one society and the defection norm in the other. Since the cooperation

norm is more efficient, everyone who has a chance to move migrates to the society where

the cooperation norm prevails. Hence, the society with the cooperation norm becomes larger.

Moreover, the greater the degree of foot voting m, the greater the size of the society with the

cooperation norm. What is critical in the above argument is the fitting-in effect generated by

norm-based resentment, namely, when migrating to a society, individuals adjust their behavior

to make sure that it is compatible with the prevailing norms in the society.

Now consider the long-run effect. Which equilibrium—cooperation or defection—is more

likely to emerge and persist in the long run depends on the difficulty of transitions from states

in Zd to states in Z̃c1∪Z̃c2 and Zc, relative to transitions in the opposite direction. The above

theorem shows that the greater the degree of foot voting m, the more difficult are transitions

from Z̃c1 ∪ Z̃c2 to Zd, and the easier are transitions from Zd to Z̃c1 ∪ Z̃c2. Hence, foot voting

favors the emergence and the persistence of the cooperation norm. The intuition is as follows.

Consider transitions from Zd to Z̃c1∪ Z̃c2, corresponding to the emergence of the cooperation
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norm. For the norm of cooperation to emerge in a society, we need enough individuals to

cooperate or punish defectors. When the norm of defection prevails, these events only occur

in the form of mistakes. Hence, the easiest way to escape from Zd is to wait until a society

becomes smaller, so that we need less mistakes for the norm of cooperation to emerge in the

society. Once this is done, the migration effect in the intermediate run automatically takes

place, leading to a state in Z̃c1∪ Z̃c2. The size of the smallest possible society is n−m. Hence,

the greater the degree of foot voting m, the easier transitions from Zd to Z̃c1 ∪ Z̃c2. Next,

consider transitions from Z̃c1 ∪ Z̃c2 to Zd, whose difficulty determines the persistence of the

cooperation norm. For a transition from Z̃c1∪ Z̃c2 to Zd to occur, we need enough proportion

of individuals in the society where the norm of cooperation initially prevails to make mistakes.

The greater the degree of foot voting m, the larger the society where the cooperation norm

prevails, and thus the more mistakes are required for the transition to take place.

Finally, let me compare the adaptive dynamics with norm-based resentment with a dynamic

of imitating the best. Observe that the fitting-in effect is missing in a dynamic of imitating

the best. As a result, a dynamic of imitating the best cannot explain why foot voting matters

for the emergence and persistence of cooperation. To see this, suppose initially that the

cooperation norm prevails in one society and the defection norm prevails in the other. Since

the cooperation norm is more efficient, individuals migrate to the society where everyone

cooperates. However, individuals soon discover that choosing not to punish defectors leads to

a material payoff at least as good as punishing defectors, and it would be strictly better if there

indeed are defectors. Hence, as shown by Axelrod (1986)’s simulation, the population drifts to

a state where no individual punishes defectors. As a result, defectors obtain higher material

payoffs than cooperators. Defection is then imitated and spreads. Eventually, everyone defects

and no one punishes defectors in the whole population. Hence, defection prevails under a

dynamic of imitating the best regardless of whether foot voting is possible.

6 Law enforcement and cooperative norms

This paper extends the basic model in another dimension in order to analyze the interplay

between law enforcement and cooperative norms. Using public goods game experiments,
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Herrmann et al. (2008) show that individuals behave more cooperative in societies with better

law enforcement. Using survey data, Tabellini (2008) also find positive relationships between

quality of formal institutions and individuals’ cooperative attitudes.

First, I model law enforcement as an exogenous central monitor who conducts punishment

towards defectors independently of the decentralized punishment supported by norm-based

resentment. Such centralized punishment reduces individuals’ temptation to defect and thus

help cooperative norms emerge and persist in the long run. In the second step, I endogenize

the quality of law enforcement by exploiting the fact that shirking or corruption of the central

monitor is an instance of defection behaviors against the common interests of the public.

6.1 Exogenous law enforcement

Consider the following law enforcement of cooperation implemented by a central monitor. If

an individual defects, the central monitor detects her defection with probability δ > 0. If

detected, the defector pays a fine v > 0. Law enforcement is independent of the decentralized

punishment conducted by matched individuals. As Figure 7 shows, if an individual defects

and the matched second-mover does not punish the defector, then the defector’s expected

payoffs are ā−δv. If the matched second-mover punishes the defector, the defector’s expected

payoffs are a− δv.

1

a, b̄

cooperate

2

a− δv, b

punish

ā− δv, b

not punish

defect

Figure 7: The stage game with law enforcement.

Applying our previous analysis of the stage game in Section 2.1, we obtain the threshold
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proportion of cooperators to activate decentralized punishment of defectors:

π =

[
1 +

1

λ(ā− a)

]
b− b
b̄− b

,

which is the same threshold (3) without law enforcement. Hence, law enforcement does not

affect the threshold proportion of cooperators to activate punishment of defectors. However,

the threshold proportion of punishers to deter defectors becomes

ā− a− δv
ā− a

= ϕ− δv

ā− a
,

where ϕ = ā−a
ā−a is the threshold (4) without law enforcement. Therefore, law enforcement

lowers the threshold proportion of punishers to deter defectors. We thus have the following

result, which is a corollary of Theorem 1.

Theorem 5. Consider the adaptive dynamics with sample size m in global interactions with

law enforcement. Let π and ϕ be the thresholds defined by (3) and (4), corresponding to the

case without law enforcement. Consider the generic cases with d(ϕ − δv
ā−a )me 6= d(1 − π)me

and dπme 6= d(1− ϕ+ δv
ā−a )me.

1. If (1− π) + δv
ā−a < ϕ, then zD is the unique SSE.

2. If (1− π) + δv
ā−a > ϕ, then zC is the unique SSE.

In the inequality conditions of the above theorem, ϕ is the threshold proportion of punishers

to deter defectors when there is no law enforcement; it measures the temptation to defect.

1 − π is the maximum proportion of defectors in the population that individuals still think

the norm of cooperation exists and are willing to punish defectors; it measures the strength of

norm-based resentment to sustain cooperation. δv
ā−a measures the strength of law enforcement

of cooperation. The theorem says that, if the combining force of norm-based resentment and

law enforcement is strong enough, then the cooperation equilibrium is the unique SSE. Hence,

law enforcement improves the chance of the norm of cooperation to emerge and persist in the

long run.
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6.2 Endogenous law enforcement

The central monitoring institute that enforces laws itself consists of humans. They might

shirk or be involved in corruption. Although difficult to establish causality in empirical studies

(Gächter and Schulz, 2016; Herrmann et al., 2008; Tabellini, 2008), it is hard to believe that

the influences between centralized law enforcement and decentralized social norms only go in

one direction. I examine how they might co-evolve in this subsection.

Suppose that the central monitor can choose whether to shirk. Shirking reduce δ, the

probability of the central monitor detecting defectors. For an average individual i in the

population, pi is i’s expectation of the proportion of punishers in the population. i also has

an expectation on δ. I assume that i’s expectation on the probability of the central monitor

detecting defectors, δ(pi), is increasing in pi, with δ(0) = δ and δ(1) = δ̄ > δ. The idea is

that, when individual i assesses the probability of detecting defectors, i reasons as follows:

when the monitor chooses whether or not to shirk, others consider the monitor as facing the

same choice between cooperation and defection as in the stage game: the monitor could have

chosen an action (not shirking) that contributes to the public good and benefits others. Hence,

i expects that, the more individuals punish defectors in the population, the more individuals

punish the central monitor if the monitor shirks. Therefore, if i expects a higher proportion

of individuals who punish defectors, then then i would also expect a higher probability of the

central monitor enforcing the law and detecting defectors.

Let ϕ̃ ∈ [0, 1] denote the expected proportion of punishers that makes i indifferent between

cooperation and defection. We have

a = ϕ̃a+ (1− ϕ̃)ā− δ(ϕ̃)v. (9)

If pi > ϕ̃, i cooperates. If pi < ϕ̃, i defects. In particular, ϕ̃ = ϕ̃(v) is decreasing in v,

the fine that a detected defector needs to pay. Think of v as punishment terms written in

laws, and δ as the quality of law enforcement. The observation is that, when the quality of

law enforcement is endogenous, laws might or might not be executed. However, laws still

matter. The reason is that, controlling for decentralized punishment towards defectors (pi), a

higher v does increase the threat to defectors. Thus, it effectively lowers ϕ̃(v), the barrier of
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the population tipping to the cooperation equilibrium. Applying Theorem 1, we obtain the

following result.

Theorem 6. Consider the adaptive dynamics with sample size m in global interactions with

law enforcement. Let π be defined by (3) and ϕ̃(v) by (9). Consider the generic cases with

dϕ̃(v)me 6= d(1− π)me and dπme 6= d(1− ϕ̃(v)me.

1. If 1−π < ϕ̃(v), then zD is the unique SSE in which the probability of detecting defectors

is δ.

2. If 1−π > ϕ̃(v), then zC is the unique SSE in which the probability of detecting defectors

is δ̄.

The above theorem says that the terms in laws, v, are fundamentals that affect the selection

of social norms in the long run. The social norm then feeds back to influence δ, the quality of

law enforcement.

7 Conclusion

In this chapter, I have examined the conditions under which cooperative norms emerge and

persist in the long run given norm-based resentment. I conclude by providing a remark on

the evolutionary foundation of norm-based resentment. As Henrich and Boyd (1998) argue,

due to the ability to generate multiple equilibria and for group beneficial norms to emerge

and spread, conformist bias is flexible and adaptive. As a result, the conformist bias would

maximize fitness in a changing environment in the gene-culture co-evolution history of humans.

However, in terms of the ability to generate multiple equilibria, norm-based resentment is at

least as good as the conformist bias. Moreover, I show that norm-based resentment leads to a

population dynamic that is more adaptive to environmental changes than the conformist bias.

Altogether, norm-based resentment should perform strictly better than the conformist bias in

the evolution of humans. Exploring this idea formally would be a task for future research.
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Appendix: proofs

Proof of Proposition 1

A strict equilibrium must involve only pure strategies. Hence, for any candidate strategy profile

to be a strict equilibrium, it includes at most four types of individuals. Define C,C−, D,D− ⊂

N as follows:

i) C = {i ∈ N |xi = 1, yi = 1},

ii) C− = {i ∈ N |xi = 1, yi = 0},

iii) D = {i ∈ N |xi = 0, yi = 0}, and

iv) D− = {i ∈ N |xi = 0, yi = 1}.

We use |A| to denote the number of elements in the finite set A. The proof involves several

steps.

Step 1: 0 < ϕ < 1 and π > 0.

To see 0 < ϕ < 1, recall a < a < ā. Hence, 0 < ā − a < ā − a. Therefore, 0 < ā−a
ā−a < 1.

Since ϕ = ā−a
ā−a , the desired result follows.

To see that π > 0, observe

π =

[
1 +

1

λ(ā− a)

]
b− b
b̄− b

>
b− b
b̄− b

> 0,

since b < b < b̄.

Step 2: There is a strict equilibrium in which |D| = n.

In the strategy profile with |D| = n, we have pi = 0 and qi = 0 for each i ∈ N . We have

shown that ϕ > 0 and π > 0. Hence, we have pi < ϕ and qi < π for each i ∈ N , and thus

choosing xi = 0 and yi = 0 is sequentially rational, as desired.

Step 3: If π < 1, then there is a strict equilibrium in which |C| = n.

In the strategy profile with |C| = n, we have pi = 1 and qi = 1 for each i ∈ N . Given the

assumption π < 1, we have qi > π for each i ∈ N . We also have pi = 1 > ϕ for each i ∈ N .

Hence, choosing xi = 1 and yi = 1 is sequentially rational, as desired.

Step 4: If there is a strict equilibrium in which |D| ≥ 1, then we have |D| = n in that

equilibrium.
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Consider a strict equilibrium in which |D| ≥ 1. Then, for i ∈ D, we have pi < ϕ and

qi < π. Moreover, pi and qi are consistent with the strategies of others:

pi =
|C|+ |D−|
n− 1

, qi =
|C|+ |C−|
n− 1

.

Now, suppose |C| ≥ 1. Then for j ∈ C we have

qj =
|C|+ |C−| − 1

n− 1
.

But then qj < qi < π. Hence, j would rather deviate to xj = 0. Therefore, the supposition

|C| ≥ 1 does not hold; we must have |C| = 0. Likewise, if |D−| ≥ 1, then for j ∈ D− we have

qj = |C|+|C−|
n−1 > π, which contradicts qi < π. Hence, we must also have |D−| = 0. Finally,

suppose |C−| ≥ 1. Then for j ∈ |C−| we have pj = |C|+|D−|
n−1 > ϕ, which contradicts pi < ϕ.

Thus |C−| = 0, as desired.

Step 5: If there is a strict equilibrium in which |C| ≥ 1, then we have |C| = n in that

equilibrium.

This can be analogously shown as Step 4.

Step 6: If ϕ + π ≥ n
n−1 or ϕ + π ≤ n−2

n−1 , then there is no strict equilibrium in which

|C−| ≥ 1 or |D−| ≥ 1.

Suppose |C−| ≥ 1 or |D−| ≥ 1. By Steps 4 and 5, this implies |C| = 0 and |D| = 0. Now

pick i ∈ C− and j ∈ D−. For their expectations to be consistent, it requires

pi =
|D−|
n− 1

, qi =
|C−| − 1

n− 1
, pj =

|D−| − 1

n− 1
, qj =

|C−|
n− 1

.

For their strategies to be sequential rational, it requires pj < ϕ < pi and qi < π < qj .

Moreover, given |C| = 0 and |D| = 0, we have |C−|+ |D−| = n. It follows that

n− 2

n− 1
< ϕ+ π <

n

n− 1
,

which is ruled out by the assumption that we either have ϕ+ π ≥ n
n−1 or ϕ+ π ≤ n−2

n−1 .
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Proof of Theorem 1

We shall show that there is δ ∈ (0, 1] such that, with at least probability δ, the dynamic P 0

transits from any population state zt ∈ Z to a population state in {(sC , 1, 1), (sD, 0, 0)} within

three periods. It follows that the probability of the dynamic not converging to {(sC , 1, 1), (sD, 0, 0)}

within three periods is at most 1 − δ < 1. Hence, the probability of not converging to

{(sC , 1, 1), (sD, 0, 0)} within 3k periods is at most (1 − δ)k, which goes to zero as k goes to

infinity.

Now I show that there exists such δ > 0 by explicitly showing a transition path starting

from an arbitrary state zt ∈ Z to either (sC , 1, 1) or (sD, 0, 0) within three periods, and

that this path occurs with positive probability. Let the population state in period t be zt =

(st, pt, qt) ∈ Z. At t + 1, let all individuals update their expectations on the proportions of

cooperators and punishers—i.e., qi and pi, and they draw exactly the same samples (sti)i∈M

from st. Then at t + 1, each i ∈ N has the same qt+1
i and pt+1

i . This results in the same

sequentially rational strategy st+1
i for each i ∈ N . Since st+1

i = (xt+1
i , yt+1

i ) is the same for

each i ∈ N , there are only four cases: 1) xt+1
i = yt+1

i = 1 for each i ∈ N , corresponding to

sC , 2) xt+1
i = yt+1

i = 0 for each i ∈ N , corresponding to sD, 3) xt+1
i = 1 and yt+1

i = 0 for

each i ∈ N , and finally 4) xt+1
i = 0 and yt+1

i = 1 for each i ∈ N . If it falls into one of the

first two cases, let all individuals update their expectations at t+ 2. In the case of st+1
i = sC ,

each i ∈ N will then have pt+2
i = qt+2

i = 1, and thus we obtain zt+2 = (sC , 1, 1). In the case

of st+1
i = sD, each i ∈ N will have pt+2

i = qt+2
i = 0. Thus we obtain zt+2 = (sD, 0, 0), as

desired.

Next consider the case xt+1
i = 1 and yt+1

i = 0 for each i ∈ N . At t+ 2, let all individuals

update but only update their expectation of the proportion of punishers, so that we obtain

pt+2
i = 0 and qt+2

i = qt+1
i for each i ∈ N ; this occurs with positive probability. Conditional

on this event, each i ∈ N at t + 2 defects, i.e., xt+2
i = 0. Moreover, since yt+1

i = 0 is a

best-response to qt+1
i , yt+2

i = 0 must also be a best-response to qt+2
i for each i ∈ N . Thus,

it occurs with positive probability that we have xt+2
i = 0 and yt+2

i = 0 for each i ∈ N . At

t + 3, let all individuals update their expectations on the proportion of cooperators, so that

we obtain qt+3
i = 0. As a result, the dynamic reaches zt+3 = (sD, 0, 0).
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Finally, consider the case xt+1
i = 0 and yt+1

i = 1 for each i ∈ N . Similar to the last case,

at t + 2, let all individuals update but only update their expectation of the proportion of

punishers, so that we obtain pt+2
i = 1 and qt+2

i = qt+1
i for each i ∈ N . Conditional on this

event, each i ∈ N at t+ 2 would cooperate, i.e., we have xt+2
i = 1 for each i ∈ N . Meanwhile,

since yt+1
i = 1 is a best-response to qt+1

i , yt+2
i = 1 must also be a best-response to qt+2

i for

each i ∈ N . Thus, it occurs with positive probability that we have xt+2
i = 1 and yt+2

i = 1

for each i ∈ N . At t + 3, let all individuals update their expectations on the proportion

of cooperators. This results in qt+3
i = 1 and thus we obtain zt+3 = (sC , 1, 1) with positive

probability.

Observe that each step involved in the transition described above occurs with positive

probability. Hence there is δ > 0 such that, with at least probability δ, dynamic transits from

any population state to a population in {(sC , 1, 1), (sD, 0, 0)} within three periods, as I claim.

Proof of Proposition 2

Step 1: Let {zt}∞t=0 ⊂ Z be a sequence of random states by such that z0 ∈ Z satisfies: a)∑
x0
i < πm,

∑
y0
i < ϕm,

∑
1{p0

i ≥ ϕ} < πm and
∑

1{q0
i ≥ π} < ϕm , and b) for each t ≥ 1

we have Prob{zt|zt−1} = P 0(zt, zt−1). Then Prob{limt→∞ zt = zD} = 1.

First, observe that, for each z0 ∈ Z that satisfies the specified conditions, there is at least

probability δ > 0 of having z1 = zD, namely, the transition from z0 to zD is completed within

one period with positive probability. This is achieved by requiring all individuals update their

expectations—both pi and qi—at t = 1, so that we have p1
i < ϕ and q1

i < π for each i ∈ N .

Then, even if an individual includes all cooperators and punishers in her sample, she would

take actions x1
i = 0 and y1

i = 0 at t = 1. The event that all individuals update expectations

occurs with positive probability. Hence there exists δ > 0 such that z1 = zD occurs with at

least probability δ.

Next, I show that, if z0 satisfies the specified conditions, then z1 must also satisfy the

specified conditions. By induction, zt satisfies the specified conditions for each t ≥ 1. First,

let J = {i ∈ N |q0
i ≥ π}. Given

∑
x0
i < πm, if an individual j ∈ N updates her expectation of

the proportion of cooperators at t = 1, then she has q1
j < π. Hence, if and only if j ∈ J and j

does not update her expectation of the proportion of cooperators, then we have q1
j ≥ π. Let
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dϕme denote the smallest integer equal to or greater than ϕm. Since |J | < ϕm, the number

of individuals with q1
j ≥ π at t = 1 is at most dϕme−1, i..e,

∑
1{q1

i ≥ π} ≤ dϕme−1. Hence,

we at most have dϕme − 1 individuals who take y1
i = 1 at t = 1. Thus,

∑
y1
i < ϕm.

Similarly, given
∑
y0
i < ϕm, if an individual j ∈ N updates her expectation of the pro-

portion of punishers at t = 1, then she has p1
j < ϕ. Hence, we have p1

j ≥ ϕ if and only if j

is such that p0
j ≥ ϕ and j does not update her expectation of the proportion of cooperators.

Therefore, given
∑

1{p0
i ≥ ϕ} < πm, we must also have

∑
1{p1

i ≥ ϕ} < πm at t = 1. Hence,∑
x1
i < πm, as desired.

To conclude, starting any state z0 satisfying the specified conditions, we have zt satisfying

the specified conditions for all future periods. Meanwhile, there is at least probability δ > 0 of

transiting from a state zt satisfying the specified conditions to zt+1 = zD within one period.

Hence, the probability of not transiting from z0 to zD within k periods is at most (1 − δ)k,

which goes to zero as k goes to infinity.

Step 2: There is positive probability that the dynamic P 0 transits to zC within four periods

if one of the following conditions holds for the initial state z0: a)
∑
x0
i ≥ πm, b)

∑
y0
i ≥ ϕm,

c)
∑

1{p0
i ≥ ϕ} ≥ πm and d)

∑
1{q0

i ≥ π} ≥ ϕm.

Case 1: Let
∑
x0
i ≥ πm. Then at t = 1 let all individuals draw the exact sample (s0

i )i∈M

with M = {i ∈ N |x0
i = 1} and update their expectations. As a result, we have q1

i =
∑
x0
i

m ≥ π

for each i ∈ N . Thus, each i ∈ N takes y1
i = 1 with positive probability. At the next period,

t = 2, let all individuals update their expectation of the proportion of punishers but not about

cooperators. We then have p2
i = 1 and q2

i = q1
i ≥ π for each i ∈ N . Each individual then takes

x2
i = 1 and y2

i = 1 with positive probability at t = 2. At t = 3, let all individuals update their

expectations on the proportions of cooperators as well as the punishers; we obtain z3 = zC .

Case 2: Let
∑
y0
i ≥ ϕm. Similarly, at t = 1 let all individuals draw the exact sample

(s0
i )i∈M with M = {i ∈ N |y0

i = 1} and update their expectations. As a result, we have

p1
i =

∑
y0i
m ≥ ϕ for each i ∈ N . Thus, each i ∈ N takes x1

i = 1 with positive probability.

At the next period, t = 2, let all individuals update their expectation of the proportion of

cooperators but not about punishers. We then have q2
i = 1 and p2

i = p1
i ≥ ϕ for each i ∈ N .

Each individual then takes x2
i = 1 and y2

i = 1 with positive probability.

Case 3: Let
∑

1{p0
i ≥ ϕ} ≥ πm. At t = 1, let all individuals do not update their
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expectation of the proportion of punishers, i.e., p1
i = p0

i for each i ∈ N . Then at t = 1 we

also have
∑

1{p1
i ≥ ϕ} ≥ πm. Since the individuals with p1

i ≥ ϕ take x1
i = 1 with positive

probability, it occurs with positive probability that
∑
x1
i ≥ πm. But then, the argument for

Case 1 applies, leading to z4 = zC with positive probability.

Case 4: Let
∑

1{q0
i ≥ π} ≥ ϕm. Similarly to Case 3, let all individuals do not update

their expectation of the proportion of cooperators at t = 1, i.e., q1
i = q0

i for each i ∈ N .

Then at t = 1 we have
∑

1{q1
i ≥ π} ≥ ϕm. The individuals with q1

i ≥ π take y1
i = 1 with

positive probability. Hence, it occurs with positive probability that
∑
y1
i ≥ ϕm. But then,

the argument for Case 2 applies, leading to z4 = zC with positive probability.

Step 3: Let {zt}∞t=0 ⊂ Z be a sequence of random states by such that z0 ∈ Z satisfies: a)

n −
∑
xi < (1 − π)m, n −

∑
yi < (1 − ϕ)m,

∑
1{pi ≤ ϕ} < (1 − π)m and

∑
1{qi ≤ π} <

(1−ϕ)m, and b) for each t ≥ 1 we have Prob{zt|zt−1} = P 0(zt, zt−1). Then Prob{limt→∞ zt =

zC} = 1.

The proof is completely analogous to the proof of Step 1, so omitted.

Step 4: There is positive probability that the dynamic P 0 transits to zC within two periods

if one of the following conditions holds for the initial state z0: a) n −
∑
xi ≥ (1 − π)m, b)

n−
∑
yi ≥ (1− ϕ)m, c)

∑
1{pi ≤ ϕ} ≥ (1− π)m and b)

∑
1{qi ≤ π} ≥ (1− ϕ)m.

The proof is completely analogous to the proof of Step 2, so omitted.

Proof of Lemma 1

Step 1: R(zD) = dmmin{π, ϕ}e.

Let the dynamic start from z0 = zD. By Proposition 2, to leave B(zD) we need to either

have a)
∑
xi ≥ πm or

∑
yi ≥ ϕm, or b)

∑
1{pi ≥ ϕ} ≥ πm or

∑
1{qi ≥ π} ≥ ϕm. However,

notice that it is not possible to have the latter condition regarding the expectations before

having the former condition regarding the actions. To see this, suppose that we have the state

in period t, for some t ≥ 1, is such that
∑

1{pti ≥ ϕ} ≥ πm, and that, for each t′ < t, we have∑
yt
′

i < ϕm. Then, in period t − 1, we must have
∑

1{pt−1
i ≥ ϕ} ≥ πm or

∑
yt−1
i ≥ ϕm.

Since
∑
yt
′

i < ϕm for each t′ < t, we have
∑

1{pt−1
i ≥ ϕ} ≥ πm. But then, by induction, we

have
∑

1{pt′i ≥ ϕ} ≥ πm for each t′ < t. However, in the starting period, we have z0 = zD

so that
∑

1{p0
i ≥ ϕ} = 0, which is a contradiction. Hence, our initial supposition does not
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hold. If we have
∑

1{pti ≥ ϕ} ≥ πm for some t ≥ 1, then we must have
∑
yt
′

i ≥ ϕm for

some t′ < t. Likewise, if we have
∑

1{qti ≥ π} ≥ ϕm for some t ≥ 1, then we must have∑
xt
′

i ≥ πm for some t′ < t. Hence, for a dynamic that starts from zD to leave B(zD), it

must first require enough mistakes to have
∑
xi ≥ πm or

∑
yi ≥ ϕm. Before this is done,

we always qi < π and pi < ϕ for each i ∈ N ; under these expectations, if some i takes xi = 1

or yi = 1, she must be making a mistake. Hence, the shortest path—the path involving the

minimum number of mistakes—to leave B(zD) is to make sufficient mistakes to have either∑
xi ≥ πm or

∑
yi ≥ ϕm all at once, i.e., all mistakes occur in the period. It follows that, if

π ≤ ϕ, then the shortest path to leave B(zD) is to have dπme individuals to make mistakes

and cooperate (xi = 1). If π > ϕ, then the shortest path to leave B(zD) is to have dϕme

individuals to make mistakes and punish (yi = 1). Hence, R(zD) = dmmin{π, ϕ}e, as desired.

Step 2: R(zc) = dmmin{1− π, 1− ϕ}e.

Analogous to the proof of Step 1, so omitted.

Proof of Theorem 2

Preliminaries. To prove the statement, I apply a general result about stochastic dynamics

of Young (1993). We start by introducing new concepts. A recurrent class of a Markov

process is a subset of states L ⊂ Z such that there is a positive probability of transiting

between any two states in L within finite periods, but the probability of transiting from a

state in L to a state outside of L is zero within any finite periods. Theorem 1 implies that

there are two and only two absorbing states of P 0: the two strict equilibria of the stage game,

and no other recurrent class exists (otherwise it cannot be probability one of transiting from

any other state to the two strict equilibria within finite periods).

For a Markov process, a stochastic tree is a directed tree defined on the collection of all

recurrent classes of the process, which specifies how to transit from all other recurrent classes

to the recurrent class at the root of the tree. Formally, let Ω be the collection of all recurrent

classes of P 0. For a recurrent class L of P 0, a L-tree t : Ω → Ω is such that t(L) = L,

and that, for each L′ ∈ Ω, L′ 6= L, there is a natural number k such that tk(L′) = L (where

tk is the kth functional power of t). For two recurrent classes L and L′, let c(L,L′) denote

the minimum number of mistakes required for P ε to transit from L to L′. The cost of a
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stochastic L-tree t is defined by

c(t) =
∑

L′∈Ω,L′ 6=L

c(L′, t(L′)).

Theorem (Young, 1993). A state z ∈ Z is stochastically stable if and only if it is contained

in a recurrent class L ∈ Ω such that there is a stochastic L-tree with minimum cost among all

stochastic trees defined on Ω.

In our context, there are two and only two recurrent classes of P 0: one contains zC , and

the other contains zD. Hence a stochastic tree of P 0 contains only two vertexes, and there

are only two stochastic trees. One stochastic tree is rooted at zC , which consists of i) the

state zC , ii) the state zD, and iii) a directed edge weighted with the minimum number of

mistakes required to transit from zD to zC . The other stochastic tree is rooted at zD, which

is obtained by reversing the direction of the edge and weighting the edge with the minimum

number of mistakes to transit from zC to zD. Therefore, to identify the stochastic tree with

minimum resistance over all stochastic trees is simple in our setting. It is done by comparing

the minimum numbers of mistakes required to transit from one strict equilibrium to the other.

Observe that the minimum number of mistakes required to transit from a strict equilibrium to

the other is simply the minimum number of mistakes required to leave the basin of attraction

of the incumbent equilibrium. Hence, we have the following lemma.

Lemma 2. If R(zC) > R(zD), then sC is the unique SSE. Conversely, if R(zC) < R(zD),

then zD is the unique SSE.

Proof. The statement follows from Young’s theorem and Theorem 1.

To establish theorem 2, what remains to show is the following:

Lemma 3. Consider the generic cases with dϕme 6= d(1− π)me and dπme 6= d(1− ϕ)me.

1. If π + ϕ > 1, then dmin{π, ϕ}me > dmin{1− π, 1− ϕ}me.

2. If π + ϕ < 1, then dmin{π, ϕ}me < dmin{1− π, 1− ϕ}me.
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Proof. Case 1: Let π ≥ ϕ. Then min{π, ϕ} = ϕ and min{1− π, 1− ϕ} = 1− π. In this case,

suppose π + ϕ > 1. Then we have ϕm > (1− π)m and thus

dmin{π, ϕ}me = dϕme ≥ d(1− π)me = min{1− π, 1− ϕ}.

Since I consider the generic cases with dϕme 6= d(1 − π)me, we obtain dmin{π, ϕ}me >

min{1−π, 1−ϕ}. Now suppose π+ϕ < 1. Then ϕm < (1−π)m. Given dϕme 6= d(1−π)me,

dmin{π, ϕ}me = dϕme < d(1− π)me = min{1− π, 1− ϕ}.

Case 2: Let π < ϕ. Then min{π, ϕ} = π and min{1 − π, 1 − ϕ} = 1 − ϕ. In this case,

suppose π + ϕ > 1. Then we have πm > (1 − ϕ)m. Combined with dπme 6= d(1 − ϕ)me, we

obtain

dmin{π, ϕ}me = dπme > d(1− ϕme = min{1− π, 1− ϕ}.

Conversely, if π + ϕ < 1, then πm < (1− ϕ)m, and thus

dmin{π, ϕ}me = dπme < d(1− ϕme = min{1− π, 1− ϕ}.

Proof of Theorem 3

Preliminaries. To prove the statement, I apply Ellison’s theorem (2000, p. 30). We intro-

duce the notions of radius and coradius of a state.

Let (zt)∞t=0, with zt ∈ Z for each t ≥ 0, be a sample sequence of P ε with initial state z0.

Let γ = (z0, z1, . . . , zt) denote a path from state z0 to state zt. Let Γ(X,Y ) denote the set of

all paths from X ⊂ Z to Y ⊂ Z, i.e.,

Γ(X,Y ) = {(z0, z1, . . . , zt)|z0 ∈ X, zt ∈ Y for some integer t ≥ 0}.

Let c(γ) denote the minimum number of mistakes that is required to go through the path γ.
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We call c(γ) the cost of path γ.

Let L ⊂ Z be a subset of states. Let B(L) ⊂ Z be the basin of attraction of L such

that if P 0 starts from a state within B(L) then it converges almost surely to states within L.

Let integer R(L) denote the minimum number of mistakes required to leave B(L). Following

Ellison (2000), I call R(L) the radius of L. More precisely, we have

R(L) = min
γ∈Γ(L,Z\B(L))

c(γ).

In words, R(L) is the minimum cost that is required to leave B(L). With abuse of notation,

if L is singleton containing only the state z ∈ Z, then I write R(z) instead of R({z}).

For a path γ, let (L1, L2, . . . , LK) denote the sequence of recurrent classes of P 0 through

which the path passes consecutively. The modified cost of path γ is defined by

c∗(γ) = c(γ)−
∑K−1
k=2 R(Lk).

Let c∗(z,B(L)) denote the modified cost of the path γ ∈ Γ({z}, B(L)) that has minimum

modified cost among all paths in Γ({z}, {z′}). The coradius of L is defined by

CR(L) = max
z∈Z

c∗(z,B(L)).

If L is singleton containing only the state z ∈ S, I write CR(z).

The radius R(L) measures the difficulty of leaving B(L), whereas the coradius CR(L)

measures the difficulty of reaching B(L) from a state most distant from B(L).

Theorem (Ellison, 2000). If z ∈ Z is such that R(z) > CR(z), then z is the unique SSE.

Now I apply the above result to prove our statement. We divide the proof into a series

of lemmas. We use the following notations in our proofs. We frequently use the discrete

coordinate system

Ñ = {1, 2, . . . , n1} × {1, 2, . . . , n2}

to refer to individuals in the population. Let ∆k(z) ⊂ Z denote the set of states that can

be transited from z in exactly k ≥ 1 period(s) with positive probability under P 0, i.e., the
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transition involves no mistake. Also, define ∆0(z) = {z}.

For state z, let τd1 (z) denote the minimum number of adjacent rows in the lattice Ñ such

that each individual i locating within these rows has qi < π, pi < ϕ and xi = yi = 0. Let

τd2 (z) denote the minimum number of adjacent columns such that each i within the columns

has qi < π, pi < ϕ and xi = yi = 0. Define τd(z) = min{τd1 (z), τd2 (z)}. Also, let Λd(z) ⊂ Ñ

denote the subset of individuals who locate at the adjacent rows or columns as specified. More

precisely, if τd(z) = 0, let Λd(z) = ∅. If τd(z) ≥ 1, we can always re-arrange the origin of the

coordinate system so that

Λd(z) = {1, . . . , τd1 (z)} × {1, 2, . . . , n2}

∪ {1, 2, . . . , n1} × {1, . . . , τd2 (z)}.

For each i ∈ Λd(z) we have qi < π, pi < ϕ and xi = yi = 0. Re-arrangement of the origin is

without loss of generality because vertexes are symmetric everywhere in the local interactions

structure I consider.

Analogously, let τ c1 (z) denote the minimum number of adjacent rows such that each i

within these rows has qi > π, pi > ϕ and xi = yi = 1. And let τ c2 (z) denote the minimum

number of adjacent columns such that each i within the columns has qi > π and pi > ϕ and

xi = yi = 1. Define τ c(z) = min{τ c1 (z), τ c2 (z)}. Let Λc(z) ⊂ Ñ denote the subset of individuals

who locate at the adjacent rows or columns and have qi > π, pi > ϕ and xi = yi = 1. If

τ c(z) = 0, let Λc(z) = ∅. If τ c(z) ≥ 1, we re-arrange the origin of the coordinate system so

that

Λc(z) = {1, . . . , τ c1 (z)} × {1, 2, . . . , n2}

∪ {1, 2, . . . , n1} × {1, . . . , τ c2 (z)}.

Lemma 4. If one of the following holds then {z ∈ Z|τd(z) ≥ 2} ⊂ B(zD):

1. π > 1
2 and ϕ > 1

2 ;

2. π > 3
4 and ϕ > 1

4 ;
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3. π > 1
4 and ϕ > 3

4 .

Proof. Step 1: If z ∈ Z is such that τd(z) ≥ 2, then τd(z′) ≥ τd(z) for each z′ ∈ ∆t(z),

t ≥ 1.

Let the dynamic P 0 start from z0 = (x0, y0, p0, q0) ∈ Z with τd(z0) ≥ 2. Take i ∈ Λd(z0).

Then we have q0
i <

1
4 , p

0
i <

1
4 ,
∑
j∈Ni

x0
j ≤ 1, and

∑
j∈Ni

y0
j ≤ 1. Let z1 = (x1, y1, p1, q1) ∈

∆1(z0), i.e., z1 is a state in the next period that occurs with positive probability under P 0.

In the case where i does not update her expectations, we have q1
i = q0

i < 1
4 and p1

i =

p0
i <

1
4 . In the case where i update her expectations, we have q1

i = 1
4

∑
j∈Ni

x0
j ≤ 1

4 and

p1
i = 1

4

∑
j∈Ni

y0
j ≤ 1

4 . In either case, given conditions π > 1
4 and ϕ > 1

4 , we have q1
i < π and

p1
i < ϕ. Hence, x1

i = y1
i = 0. i is an arbitrary individual taken from Λd(z0). We thus prove

that Λd(z0) ⊂ Λd(z1) and therefore τd(z1) ≥ τd(z0), for each z1 ∈ ∆1(z). By induction, we

have τd(z′) ≥ τd(z0) for each z′ ∈ ∆t(z0), t ≥ 1.

Step 2: Starting from z with τd(z) ≥ 2, τd1 (z) < n1 and τd1 (z) < n2, there is a positive

integer t such that τd(z′) > τd(z) for some z′ ∈ ∆t(z).

There are three cases.

Case 1: π > 1
2 and ϕ > 1

2 . Let the initial state be z
0 = (x0, y0, p0, q0) ∈ Z with τd(z0) ≥ 2,

τd1 (z) < n1 and τd1 (z) < n2. Consider individual i = (τd1 (z0) + 1, τd2 (z0) + 1). We have∑
j∈Ni

x0
j ≤ 2, and

∑
j∈Ni

y0
j ≤ 2. Let i update expectations in the next period, so that her

expectations in the next period are p1
i = 1

4

∑
j∈Ni

y0
j ≤ 1

2 and q1
i = 1

4

∑
j∈Ni

x0
j ≤ 1

2 . We then

have p1
i < ϕ and q1

i < π, and thus x1
i = y1

i = 0. Hence, there is z1 ∈ ∆1(z0) such that we have

p1
i < ϕ, q1

i < π and x1
i = y1

i = 0 for i = (τd1 (z0) + 1, τd2 (z0) + 1). Now, consider integer k with

0 ≤ k ≤ n1 − τd1 (z0) − 1. Assume zk ∈ ∆k(z0) is such that pki < ϕ, qki < π and xki = yki = 0

for i = (τd1 (z0) + k + 1, τd2 (z0) + 1). By the argument above, there is zk+1 ∈ ∆1(zk) such

that pk+1
i < ϕ, qk+1

i < π and xk+1
i = yk+1

i = 0 for i = (τd1 (z0) + k + 1, τd2 (z0) + 1). This

inductive argument implies that there is zt = (xt, yt, pt, qt) ∈ ∆t(z0) for some integer t ≥ 0

such that pti < ϕ, qti < π and xti = yti = 0 for each i ∈ {1, 2, . . . , n1} × {1, 2, . . . , τd2 (z0) + 1}.

By the same argument, starting from such state zt, there is zt+k = (xt+k, yt+k, pt+k, qt+k) ∈

∆k(zt) for some integer k ≥ 0 such that pt+ki < ϕ, qt+ki < π and xt+ki = yt+ki = 0 for each

i ∈ {1, 2, . . . , n1} × {1, 2, . . . , τd2 (z0) + 2}. By induction, there is integer t ≥ 0 such that

for some zt = (xt, yt, pt, qt) ∈ ∆t(z0) we have pti < ϕ, qti < π and xti = yti = 0 for each
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i ∈ {1, 2, . . . , n1} × {1, 2, . . . , n2}; such state zt is the defection equilibrium zD, as desired.

Case 2: π > 3
4 and ϕ > 1

4 . Let the initial state be z
0 = (x0, y0, p0, q0) ∈ Z with τd(z0) ≥ 2,

τd1 (z) < n1 and τd1 (z) < n2. Take i ∈ {1, 2, . . . , n1} × {τd2 (z0) + 1}. We have
∑
j∈Ni

x0
j ≤ 3.

Let i update expectations in the next period, so that her expectation of the proportion of

cooperators in the next period is q1
i = 1

4

∑
j∈Ni

x0
j ≤ 3

4 . We then have q1
i < π and thus

y1
i = 0. Individual i is taken arbitrarily from {1, 2, . . . , n1} × {τd2 (z0) + 1}. Hence, there

is z1 = (x1, y1, p1, q1) ∈ ∆1(z0) such that q1
i < π and y1

i = 0 for each i ∈ {1, 2, . . . , n1} ×

{τd2 (z0) + 1}. But then, for such z1 we also have
∑
j∈Ni

y1
j ≤ 1 for each i ∈ {1, 2, . . . , n1} ×

{τd2 (z0) + 1}. Let all individuals at the (τd2 (z0) + 1)th column update expectations in the

next period. We obtain p2
i ≤ 1

4 < ϕ and x2
i = 0, alongside q2

i < π and y2
i = 0, for each

i ∈ {1, 2, . . . , n1} × {τd2 (z0) + 1}. We have just shown that there is z2 ∈ ∆2(z0) such that

for each i ∈ {1, 2, . . . , n1} × {1, 2, . . . , τd2 (z0) + 1} we have p2
i < ϕ, q2

i < π and x2
i = y2

i = 0.

By induction, there is integer t ≥ 0 such that there is z2t = (x2t, y2t, p2t, q2t) ∈ ∆2t(z0) with

p2t
i < ϕ, q2t

i < π and x2t
i = y2t

i = 0 for each i ∈ {1, 2, . . . , n1} × {1, 2, . . . , n2}, reaching the

defection equilibrium zD, as desired.

Case 3: π > 1
4 and ϕ > 3

4 . The proof for this case is obtained from the proof for Case 2

by replacing: π with ϕ, ϕ with π, x with y, y with x, p with q, and q with p.

Lemma 5. Consider local interactions. If one of the following holds then R(zD) ≥ dmin{n1, n2}/2e:

1. π > 1
2 and ϕ > 1

2 ;

2. π > 3
4 and ϕ > 1

4 ;

3. π > 1
4 and ϕ > 3

4 .

Proof. By lemma 4, {z ∈ Z|τd(z) ≥ 2} ⊂ B(zD). It requires at least dmin{n1, n2}/2e mistakes

to transit from zD to a state z with τd(z) < 2. Hence, R(zD) ≥ dmin{n1, n2}/2e.

Lemma 6. Consider local interactions. Denote π = π and ϕ = ϕ. If π > 1
2 and ϕ > 1

2 , then

CR(zD) ≤ 2.

Proof. Let z0 ∈ Z be an arbitrary initial state. We shall construct a path γ = (z0, z1, . . . , zt)

from z0 to zt with τd(zt) ≥ 2 such that c∗(γ) ≤ 2, i.e., the modified cost of the path is at

most two. Hence, CR(zD) ≤ 2.
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Step 1: Emergence of a local defection norm.

Let z0 be the initial state in period t = 0. Let each individual i ∈ {(1, 1), (2, 2)} take

x1
i = y1

i = 0 at t = 1. This event requires at most two mistakes. At t = 2, let each

individual i ∈ {(1, 2), (2, 1)} update expectations so that she has p2
i = 1

4

∑
j∈Ni

y1
j ≤ 1

2 and

q2
i = 1

4

∑
j∈Ni

x1
j ≤ 1

2 , and thus takes x2
i = y2

i = 0. This event does not require mistakes. At

t = 3, let each i ∈ {(1, 2), (2, 1)} do not update expectations so that we have p3
i = p2

i < ϕ, q3
i =

q2
i < π, x3

i = y3
i = 0. Meanwhile, let each i ∈ {(1, 1), (2, 2)} update expectations so that she

has p3
i = 1

4

∑
j∈Ni

y2
j < ϕ and q3

i = 1
4

∑
j∈Ni

x2
j < π, and thus takes x3

i = y3
i = 0. This event

does not require mistakes. Hence, starting from any state z0, the minimum number of mistakes

to reach a state z3 in which each individual i in the 2-by-2 block {(1, 2), (2, 1), (1, 2), (2, 1)}

holds p3
i < ϕ and q3

i < π and takes x3
i = y3

i = 0 is at most two.

Step 2: Expansion of the defection norm.

Let the initial state z0 be such that p0
i < ϕ, q0

i < π and x0
i = y0

i = 0 for each indi-

vidual i in the 2-by-2 block {(1, 2), (2, 1), (1, 2), (2, 1)}. Note that, for each integer t ≥ 0

and z = (x, y, p, q) ∈ ∆t(z0), we have pi < ϕ, qi < π and xi = yi = 0 for each i ∈

{(1, 2), (2, 1), (1, 2), (2, 1)}. Now let the dynamic follow a path under P 0, i.e., no mistake

occurs, and transit to a recurrent class L1 ⊂ Z of P 0. Suppose the dynamic reaches state

zt = (xt, yt, pt, qt) ∈ L1 in period t ≥ 3. We have pti < ϕ, qti < π and xti = yti = 0 for each

i ∈ {(1, 2), (2, 1), (1, 2), (2, 1)}. Let zt+1 be the state in the next period such that individual

i = (3, 1) takes xt+1
i = yt+1

i = 0, while all other individuals play rationally based on their

expectations. This transition requires at most one mistake. Then, for j = (3, 2), we have

1
4

∑
i∈Nj

xt+1
i ≤ 1

2 and 1
4

∑
i∈Nj

yt+1
i ≤ 1

2 . In the next period, let j = (3, 2) update expec-

tations, leading to qt+2
j < π and pt+2

j < ϕ, and thus xt+2
j = yt+2

j = 0. In the next period,

t + 3, let individual (3, 1) update expectations while individual (3, 2) do not. Then for each

individual i ∈ {1, 2, 3} × {1, 2} we have pt+3
i < ϕ, qt+3

i < π and xt+3
i = yt+3

i = 0. Note that

R(L) ≥ 1 for any recurrent class L of P 0. Hence, the modified cost of transiting from z0 to the

specified state zt+3 is zero! This is because, to calculate the modified cost of the transition,

we need to extract R(L1) (which is at least 1) from the minimum number of mistake to reach

zt+3 (which is at most 1).

By induction, we can construct a path (z0, . . . , zt, . . . , zt+k) to a state zt+k with zero
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modified cost such that pt+ki < ϕ, qt+ki < π and xt+ki = yt+ki = 0 for each i ∈ {1, 2, . . . , n1} ×

{1, 2}.

By the same inductive argument, we can construct a path

(z0, . . . , zt, . . . , zt+k, . . . , zt+k+`)

to a state zt+k+` with zero modified cost such that pt+k+`
i < ϕ, qt+k+`

i < π and xt+k+`
i =

yt+k+`
i = 0 for each i in the set

Λd(zt+k+`) = {1, 2} × {1, 2, . . . , n2}

∪ {1, 2, . . . , n1} × {1, 2}.

We have τd(zt+k+`) ≥ 2. By lemma 4, zt+k+` ∈ B(zD).

Hence, within 3 + t + k + ` periods, the dynamic transits from an arbitrary initial state

z to zt+k+` ∈ B(zD). The modified cost of the constructed transition path is at most 2,

which is the minimum number of mistakes required for the 2-by-2 block of defection and no

punishment to emerge in Step 1.

Lemma 7. Consider local interactions. If π > 3
4 and ϕ > 1

4 , or if π > 1
4 and ϕ > 3

4 , then

CR(zD) ≤ 1.

Proof. We show the case of π > 3
4 and ϕ > 1

4 . The case of π > 3
4 and ϕ > 1

4 can be

analogously shown. Let z0 ∈ Z be an arbitrary initial state. Similar to the proof of lemma, I

shall construct a path γ = (z0, z1, . . . , zt) from z0 to zt with τd(zt) ≥ 2 such that c∗(γ) ≤ 1.

Hence, CR(zD) ≤ 1.

Step 1: Emergence of a local defection norm.

Let z0 be the initial state in period t = 0. In the next period, t = 1, let each in-

dividual i = (2, 2) defect, i.e., x1
i = 0. This event requires at most one mistake. Then,

for i ∈ {(2, 1), (1, 2), (3, 2), (2, 3)}, we have
∑
j∈Ni

x1
j ≤ 3. At period t = 2, let each

i ∈ {(2, 1), (1, 2), (3, 2), (2, 3)} update expectations. We obtain q2
i ≤ 3

4 < π and y2
i = 0

for each i ∈ {(2, 1), (1, 2), (3, 2), (2, 3)}. Transition from period t = 1 to t = 2 does not require

a mistake. In the next period, t = 3, let individual (2, 2) update expectations; then we have

56



p3
(2,2) = 0 < ϕ and x3

(2,2) = 0. Meanwhile, let the four neighbors of (2, 2) do not update

expectations. Then we have q3
i < π and y3

i = 0 for each i ∈ {(2, 1), (1, 2), (3, 2), (2, 3)}. Notice

that since the state z3, individual (2, 2) defects and the four neighbors of (2, 2) do not punish

defectors in all future periods, unless some of them make a mistake. More precisely, for each

k ≥ 1, z = (x, y, p, q) ∈ ∆k(z3), we have p(2,2) < ϕ, x(2,2) = 0, as well as qi < π and yi = 0 for

each i ∈ {(2, 1), (1, 2), (3, 2), (2, 3)}.

Step 2: Expansion of the defection norm.

Let the initial state z0 be such that p0
(2,2) < ϕ, x0

(2,2) = 0, q0
i < π and y0

i = 0 for each

i ∈ {(2, 1), (1, 2), (3, 2), (2, 3)}. Now let the dynamic follow a path under P 0, i.e., no mistake

occurs, and transit to a recurrent class L1 ⊂ Z of P 0. Suppose the dynamic reaches state

zt = (xt, yt, pt, qt) ∈ L1 in period t ≥ 3. For zt, we have pt(2,2) < ϕ, xt(2,2) = 0, qti < π and

yti = 0 for each i ∈ {(2, 1), (1, 2), (3, 2), (2, 3)}. In the next period, t + 1, let individual (3, 2)

take xt+1
(3,2) = 0, leading to state zt+1. This event requires at most one mistake. Following

the argument of Step 1, there is some zt+3 ∈ ∆2(zt+1) such for each i ∈ {(2, 2), (3, 2)} and

j ∈ Ni: 1) pt+3
i < ϕ, xt+3

i = 0 , and 2) qt+3
j < π and yt+3

j = 0. Notice that individuals (2,2)

and (3,2) are defecting as well as not punishing now, and all other neighbors of them are not

punishing. The modified cost of transiting from z0 to the specified state zt+3 is zero. This

is because the modified cost of the transition equals to the minimum number of mistake to

reach zt+3 (which is at most 1) less R(L1) (which is at least 1).

By induction, we can construct a path (z0, . . . , zt, . . . , zt+k) to a state zt+k with zero

modified cost such that for each i ∈ {1, 2, . . . , n1} × {2} and j ∈ Ni: 1) pt+ki < ϕ, qt+ki < π

and xt+ki = yt+ki = 0, and 2) qt+kj < π and yt+kj = 0. This means that, at state zt+k, all

individuals at the 2nd column defect and do not punish, and all individuals at the 1st and the

3rd columns do not punish. Then, each individual at the 1st and the 3rd columns has at most

one neighbor punishing. That is, for each i ∈ {1, 2, . . . , n1} × {1, 3} we have
∑
j∈Ni

yt+kj ≤ 1.

Let each individual at the 1st and the 3rd columns update expectations in the next period.

We obtain pt+k+1
i ≤ 1

4 < ϕ and xt+k+1
i = 0 for each i ∈ {1, 2, . . . , n1} × {1, 3}. To sum up, in

period t + k + 1, the dynamic reaches a state zt+k+1 such that pt+k+1
i < ϕ, qt+k+1

i < π and

xt+k+1
i = yt+k+1

i = 0 for each i ∈ {1, 2, . . . , n1} × {1, 2, 3}.
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By the same inductive argument, we can construct a path

(z0, . . . , zt, . . . , zt+k, . . . , zt+k+`)

to a state zt+k+` with zero modified cost such that pt+k+`
i < ϕ, qt+k+`

i < π and xt+k+`
i =

yt+k+`
i = 0 for each i in the set

Λd(zt+k+`) = {1, 2, 3} × {1, 2, . . . , n2}

∪ {1, 2, . . . , n1} × {1, 2, 3}.

Since τd(zt+k+`) ≥ 3, by lemma 4 we have zt+k+` ∈ B(zD).

Hence, within 3+ t+k+` periods, the dynamic transits from an arbitrary initial state z to

zt+k+` ∈ B(zD). The modified cost of the constructed transition path is at most 1, which is

the minimum number of mistake required for the small block of defection and no punishment

in Step 1 to emerge.

Lemma 8. If one of the following holds then {z ∈ Z|τ c(z) ≥ 2} ⊂ B(zC):

1. π < 1
2 and ϕ < 1

2 ;

2. π < 3
4 and ϕ < 1

4 ;

3. π < 1
4 and ϕ < 3

4 .

Proof. Completely analogous to the proof of Lemma 4, so omitted.

Lemma 9. Consider local interactions. We have R(zC) ≥ dmin{n1, n2}/2e if one of the

following holds:

1. π < 1
2 and ϕ < 1

2 ;

2. π < 3
4 and ϕ < 1

4 ;

3. π < 1
4 and ϕ < 3

4 .

Proof. Completely analogous to the proof of Lemma 5, so omitted.
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Lemma 10. Consider local interactions. If π < 1
2 and ϕ < 1

2 , then CR(zC) ≤ 2.

Proof. Completely analogous to the proof of Lemma 6, so omitted.

Lemma 11. Consider local interactions. If π < 1
4 and ϕ < 3

4 , or if π < 3
4 and ϕ < 1

4 , then

CR(zC) ≤ 1.

Proof. Completely analogous to the proof of Lemma 7, so omitted.

Proof of Theorem 4

Lemma 12. Consider the unperturbed adaptive dynamic P 0 with foot voting of degree m.

Suppose π < 1. Consider the generic cases with dϕ(n−m)e 6= d(1− π)(n−m)e and dπ(n−

m)e 6= d(1 − ϕ)(n −m)e. There are three and only four recurrent classes: Zc, Zd, Z̃c1, and

Z̃c2.

Proof. For a state z ∈ Z and t ≥ 1, let ∆t(z) denote the set of states that the dynamic P 0

with foot voting can transit to from z in exactly t periods with positive probability.

Step 1: Zd is a recurrent class of P 0 with foot voting.

First, I show that if P 0 starts from a state in Zd, it stays in Zd thereafter. Let z0 be an

initial state in which for each i ∈ N , ` = 1, 2, we have x0
i = y0

i = 0 and p0
i` = q0

i` = 0. Consider

the next period and an arbitrary individual i ∈ N . For each ` = 1, 2, we have either p1
i` = p0

i`

or p1
i` = 1

N0
`

∑
j∈N0

`
y0
j ; in either case, we have p1

i` = 0 < ϕ. Likewise, we have q1
i` = 0 < π.

Hence, we have x1
i = y1

i = 0. By induction, for each t ≥ 0 and state z ∈ ∆t(z0), we have

xi = yi = 0 and pi` = qi` = 0 for each i ∈ N , ` = 1, 2.

Second, there is positive probability of transiting from any state in Zd to any another

one within finite periods. The difference between the states in Zd is that they have different

partitions of the population N into the two societies. However, when an individual i has

pi` = qi` = 0 for both ` = 1 and ` = 2, i has expected material payoffs 1
2 (ā + b) in either of

the societies. Hence, for each period, each i randomly chooses a society to live. Therefore,

starting from any z ∈ Zd, there is a positive probability of transiting to any z′ ∈ Zd in the

next period.

Step 2: If π < 1, then Zc is a recurrent class of P 0 with foot voting.
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Analogous to the proof of Step 1a, so omitted. The condition π < 1 ensures that, if qi` = 1,

then qi` > π.

Step 3: If π < 1, then Z̃c1 is a recurrent class of P 0 with foot voting.

First, I show that, if P 0 starts from a state in Z̃c, it stays in Z̃c thereafter. Let z0 be an

initial state such that: there are n+m individuals in society 1 and n−m individuals in society

2; in society 1, each i has xi = yi = 1 and pi1 = qi1 = 1; in society 2, each i has xi = yi = 0

and pi2 = qi2 = 0. Consider the next period and an arbitrary individual i ∈ N . Either because

p1
i` = p0

i` or because p
1
i` = 1

N0
`

∑
j∈N0

`
y0
j , we have p1

i1 = 1 for society 1 and p1
i2 = 0 for society

2. Likewise, q1
i1 = 1 for society 1 and q1

i2 = 0 for society 2. Hence, i takes x1
i = y1

i = 1 if

i lives in society 1, while taking x1
i = y1

i = 0 if i lives in society 2. The expected payoffs of

living in society 1 is 1
2 (a + b̄), while the expected payoffs of living in society 2 is 1

2 (ā + b).

By Assumption 3, cooperation yields higher aggregate efficiency, i..e, a + b̄ > ā + b. Hence,

i chooses to live in society 1 upon having the opportunity to choose. Since every individual

chooses society 1 upon having the opportunity to choose, society 1 has n + m individuals.

By contrast, society 2 only has n −m individuals, those who do not have an opportunity to

choose where to live. By induction, for each t ≥ 1, we have ∆t(z0) ⊂ Z̃c1.

Second, each individual has positive probability of not having the opportunity to choose

where to live and being assigned to society 2. Thus, ∆t(z0) = Z̃c1 for each t ≥ 1, z0 ∈ Z̃c1.

Step 4: If π < 1, then Z̃c2 is a recurrent class of P 0 with foot voting.

The same as the proof of Step 3, so omitted.

Step 5: Starting from any initial state z ∈ Z, there is a positive probability that P 0 transits

to Zc ∪ Zd ∪ Z̃c1 ∪ Z̃c2 within finite periods.

Let z0 ∈ Z be an arbitrary initial state. From period 0 to period 1, let all individuals

update expectations. Then we have q1
i` = q1

j` and p
1
i` = p1

j` for each i, j ∈ N in period 1. Let

all individuals take the same actions in response to q1
i` and p

1
i`. Let ` = 1, 2. There are four

cases about society `: 1) q1
i` ≥ π, p1

i` ≥ ϕ and x1
i = y1

i = 1 for each i ∈ N1
` ; 2) q

1
i` ≤ π, p1

i` ≤ ϕ

and x1
i = y1

i = 0 for each i ∈ N1
` ; 3) q

1
i` ≤ π, p1

i` ≥ ϕ, x1
i = 1 and y1

i = 0 for each i ∈ N1
` ; and

4) q1
i` ≥ π, p1

i` ≤ ϕ, x1
i = 0 and y1

i = 1 for each i ∈ N1
` . In the first two cases listed above, let

all individuals update expectations in the next period. Then in period 2, the dynamic reaches

a state z2 ∈ Zc ∪ Zd ∪ Z̃c1 ∪ Z̃c2.
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Now consider the third case; fourth case can be analogously shown. At period 2, let

all individuals update only their expectation of the proportion of punishers, so that p2
i` =

1
N1

`

∑
j∈N1

`
y1
i = 0 and q2

i` = q1
i` ≤ π for each i ∈ N . Then it occurs with positive probability

that x2
i = y2

i = 0 for each i ∈ N2
` . Let this event occur. At period 3, let all individuals update

expectations, so that q3
i` = p3

i` = 0 and x3
i = y3

i = 0 for each i ∈ N3
` . By the same construction,

for the other society `′ = 2 − `, we can have either q3
i`′ = p3

i`′ = 0 and x3
i = y3

i = 0 for each

i ∈ N3
`′ , or q

3
i`′ = p3

i`′ = 1 and x3
i = y3

i = 1 for each i ∈ N3
`′ in period 3. Then in period 3, the

dynamic reaches a state z3 ∈ Zc ∪ Zd ∪ Z̃c1 ∪ Z̃c2.

In what follows, I separate the proof of Theorem into three lemmas, each for a different case.

Let Ω = {Zc, Zd, Z̃c1, Z̃c2} be the collection of all recurrent classes of P 0 with foot voting.

For each case, I identify the stochastic tree that has minimum cost among all stochastic trees

defined on Ω. The desired results then follow from Young’s (1993) theorem. Let α = min{π, ϕ}

and β = min{1 − π, 1 − ϕ}. Figure 8 shows the minimum numbers of mistakes required to

transit from one recurrent class to another.

Lemma 13. Consider the unperturbed adaptive dynamic P 0 with foot voting of degree m.

Consider the generic cases with dϕ(n−m)e 6= d(1−π)(n−m)e and dπ(n−m)e 6= d(1−ϕ)(n−

m)e. If π + ϕ < 1, then the SSEs are states in Zc.

Proof. Given π + ϕ < 1, and for the generic cases, we have d(n + m)βe > d(n − m)βe >

d(n−m)αe. Figure 9 shows three candidate stochastic trees. Given d(n+m)βe > d(n−m)βe >

d(n −m)αe, the stochastic tree with minimum cost among all stochastic trees defined on Ω

must come from one of the three candidates. The cost of the Zc-tree with minimum cost

among all Zc-trees is 3d(n − m)αe. The cost of the Zd-tree with minimum cost among all

Zd-trees is d(n−m)αe+ d(n−m)βe+ d(n + m)βe. The cost of the Z̃c1-tree with minimum

cost among all Z̃c1-trees is 2d(n−m)αe+d(n−m)βe. Hence, the Zc-tree shown in Figure 9(a)

has minimum cost among all stochastic trees defined on Ω. The desired result then follows

from Young’s (1993) theorem.

Lemma 14. Consider the unperturbed adaptive dynamic P 0 with foot voting of degree m.

Consider the generic cases with dϕ(n−m)e 6= d(1−π)(n−m)e and dπ(n−m)e 6= d(1−ϕ)(n−

m)e. If 1 < π + ϕ < 1 + m
n (1− |π − ϕ|), then the SSEs are states in Z̃c1 ∪ Z̃c2.
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𝑍"𝑍#

𝑍$#% 𝑍$#&

≥ 2𝑛𝛽 − 1

≥ 2𝑛𝛼 − 1

(𝑛 −𝑚)𝛼 + (𝑛 −𝑚)𝛽

(𝑛 −𝑚)𝛼

(𝑛 +𝑚)𝛽

(𝑛 −𝑚)𝛼
(𝑛 −𝑚)𝛽

(𝑛 −𝑚)𝛼 + (𝑛 −𝑚)𝛽

(𝑛 +𝑚)𝛽

(𝑛 −𝑚)𝛼

(𝑛 −𝑚)𝛽

(𝑛 −𝑚)𝛼

Figure 8: The costs (the minimum numbers of mistakes) of transiting from one recurrent class
to another under the dynamics under voting with feet; α = min{π, ϕ}; β = min{1−π, 1−ϕ}.
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(a) The Zc-tree with minimum cost among all Zc-trees.
𝑍"𝑍#

𝑍$#% 𝑍$#&

(𝑛− 𝑚)𝛼

(𝑛− 𝑚)𝛼
(𝑛 −𝑚)𝛼

(b) The Zd-tree with minimum cost among all Zd-trees.
𝑍"𝑍#

𝑍$#% 𝑍$#&

(𝑛− 𝑚)𝛽

(𝑛 +𝑚)𝛽

(𝑛 −𝑚)𝛼

(c) The Z̃c1-tree with minimum cost among all Z̃c1-trees.
𝑍"𝑍#

𝑍$#% 𝑍$#&

(𝑛− 𝑚)𝛽

(𝑛 −𝑚)𝛼

(𝑛−𝑚)𝛼

Figure 9: Candidates for the stochastic tree with minimum cost if π+ϕ < 1 + m
n (1−|π−ϕ|).

63



Proof. The condition 1 < π + ϕ < 1 + m
n (1 − |π − ϕ|) implies d(n −m)βe < d(n −m)αe <

d(n+m)βe for the generic cases. The candidate stochastic trees with minimum costs are the

ones shown in Figure 9; they are the same ones as the case of π+ϕ < 1. The cost of the Zc-tree

in Figure 9 is 3d(n−m)αe. The cost of the Zd-tree is d(n−m)αe+d(n−m)βe+d(n+m)βe. The

cost of the Z̃c1-tree is 2d(n−m)αe+d(n−m)βe. Given d(n−m)βe < d(n−m)αe < d(n+m)βe,

the Z̃c1-tree has the minimum cost among the three. But since Z̃c1 and Z̃c2 are completely

symmetric, there must also be a Z̃c2-tree having the same cost as the Z̃c1-tree in Figure 9.

By Young’s (1993) theorem, the SSE states are contained in Z̃c1 ∪ Z̃c2.

Lemma 15. Consider the unperturbed adaptive dynamic P 0 with foot voting of degree m.

Consider the generic cases with dϕ(n−m)e 6= d(1−π)(n−m)e and dπ(n−m)e 6= d(1−ϕ)(n−

m)e. If π + ϕ > 1 + m
n (1− |π − ϕ|), then the SSEs are states in Zd.

Proof. π + ϕ > 1 + m
n (1 − |π − ϕ|) implies d(n −m)βe < d(n + m)βe < d(n −m)αe for the

generic cases. Figure 10 shows the candidate stochastic trees of the one with minimum cost

among all stochastic trees defined on Ω. The cost of the Zc-tree in Figure 9 is 2d(n−m)αe+

d(n+m)βe. The cost of the Zd-tree is d(n−m)βe+ 2d(n+m)βe. The cost of the Z̃c1-tree is

d(n−m)αe+ d(n−m)βe+ d(n+m)βe. The Zd-tree has the minimum cost among the three.

Thus, we obtain the desired result from Young’s (1993) theorem.
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(a) The Zc-tree with minimum cost among all Zc-trees.
𝑍"𝑍#

𝑍$#% 𝑍$#&

(𝑛− 𝑚)𝛼

(𝑛− 𝑚)𝛼

(𝑛+ 𝑚)𝛽

(b) The Zd-tree with minimum cost among all Zd-trees.
𝑍"𝑍#

𝑍$#% 𝑍$#&

(𝑛− 𝑚)𝛽

(𝑛 +𝑚)𝛽

(𝑛+ 𝑚)𝛽

(c) The Z̃c1-tree with minimum cost among all Z̃c1-trees.
𝑍"𝑍#

𝑍$#% 𝑍$#&

(𝑛− 𝑚)𝛽 (𝑛+ 𝑚)𝛽

(𝑛− 𝑚)𝛼

Figure 10: Candidates for the stochastic tree with minimum cost if π+ϕ > 1+ m
n (1−|π−ϕ|).
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